
TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 311, Number I, January 1989 

SPREADING OF SINGULARITIES AT THE BOUNDARY IN 
SEMILINEAR HYPERBOLIC MIXED PROBLEMS II: 

CROSSING AND SELF-SPREADING 

MARK WILLIAMS 

ABSTRACT. The creation of anomalous singularities in solutions to nonlinear 
hyperbolic equations due to crossing or self-spreading in free space is by now 
rather well understood, In this paper we study how anomalous singularities are 
produced in mixed problems for semilinear wave equations Du = j(u) on the 
half-space R~+I , u E HI~c' s> (n + 2)/2, due to crossing and self-spreading 
at boundary points. Several phenomena appear in the problems considered 
here which distinguish spreading at the boundary from spreading in free space: 
(I) Anomalous singularities of strength ~ 2s - nl2 can arise when incoming 
singularity-bearing rays cross or self-spread at a point on the boundary. A con-
sequence of this, announced in [14), is that the analogue of Beals's 3s theorem 
fails for reflection in second-order mixed problems. Although H r regular-
ity for r <~ 3s - n propagates along null bicharacteristics in free space, for 
r >~ 2s - nl2 it does not in general reflect. (2) For nonlinear wave equations 
in free space, anomalous singular support is never produced by the interaction 
of fewer than three bicharacteristics, unless self-spreading occurs. However, 
anomalous singularities can arise when a pair of rays cross at a boundary point. 
(3) Suppose Du = u2 and u E Coo on the boundary. For certain choices of ini-
tial data, anomalous singularities of strength ~ 2s - nl2 arise at the boundary 
from three sources: interactions of incoming rays with incoming rays, incoming 
rays with reflected rays, and reflected rays with reflected rays. Singularities pro-
duced by the incoming-reflected interactions differ in sign from and are strictly 
weaker than the other two types, so some cancellations occur. As the incoming 
rays approach being gliding rays, the difference in strength decreases and hence 
the cancellations become increasingly significant. 

1. INTRODUCTION AND STATEMENT OF RESULTS 

This paper is a continuation of the study begun in [14] of how singularities 
spread at the boundary in mixed problems for semilinear strictly hyperbolic 
equations. Whereas [14] was mainly concerned with propagation of regularity, 
here our goal is to determine the strength and location of anomalous singularities 
and to analyze the role of the boundary in their creation. Together, these two 
papers represent an attempt to determine to what extent results analogous to 
those on spreading for second-order equations in free space (M. Beals [1, 2]) 
can be proved for boundary problems. We refer to the introduction of [14] for a 
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brief survey of recent work on nonlinear propagation theory and for additional 
references. 

We shall focus here on two problems. For n ~ 2 let R: = {(x, y): x > O} , 
and set O=(-oo,oo)xR:, OT=(-T,T)xR:,and bOT=OTn{x=O}. 
Consider a function u(t, x, y) E H[~c(OT)' s> (n + 2)/2, which satisfies 

(1.1) Du = (D/2 - ~)u = f3(t)f(u) , ul bQT E COO , 

where f3(t) E C;; has supp f3 C {It I < c:5}, c:5 < T. With Z = (t ,x, y) and 
using (= (r , ~ , '1) to denote the dual variables, we can now state: 

Problem A (Crossing). Let r l = {(z 1 (t) , (I))' r 2 = {(z2(t) '(2)} be incoming 
null bicharacteristics such that {z[ (t)}, {z2(t)} strike bOT transversely when 
t = 0 and cross there (i.e., Zl (0) = z2(0) E bOT' (I =1= ±(2)' Suppose that 
WF ult<-o = rllt<_our2It<_0 (where by rilt<-o we mean {(zi(t) , r(): r> 0, 
t < -c:5}). Determine the location and strength of the anomalous singularities 
that may arise. 

Problem B (Self-Spreading). Let r ± = {(z(t) , ± ()} be incoming null bichar-
acteristics such that {z (t)} strikes bOT transversely when t = O. Suppose 
that WFult<_o = r + 1/<-0 U r -1 /<-0' Determine the location and strength of 
the anomalous singularities that may arise. 

It is known that certain hypotheses on the nature of the incoming singularities 
(e.g., co normality with respect to characteristic surfaces) can prevent or greatly 
inhibit the appearance of anomalous singularities in mixed problems [4, 5, 10]. 
Papers [7 and 14] provide two constraints that apply regardless of the structure 
of the incoming singularities. First, anomalous singularities in Problems A and 
B can have strength at most "-' 2s - nl2 (see Theorem 2.7). Moreover, one 
can use Theorem 1.7 of [14] to identify regions, depending only on (I and 
(2' into which singularities cannot spread in Problem A (see Remark 1.10). 
Our main result, Theorem 1.9, shows that for certain choices of f3(t), f(u), 
and incoming singularities, the "worst" that could possibly happen, in view 
of the above constraints, does happen. In Problem A singularities of strength 
"-' 2s - nl2 appear everywhere on that portion of the forward half light-cone 
with vertex at ZI(O) = z2(0) which is not ruled out; in Problem B singularities 
of strength "-' 2s - nl2 appear everywhere on the forward half light-cone with 
vertex at z(O). 

The reader familiar with spreading in free space will notice in the above para-
graph two new phenomena due to the presence of the boundary. For second-
order strictly hyperbolic equations in free space, anomalous singular support 
is never produced by the interaction of fewer than three bicharacteristics, un-
less self-spreading occurs [1, 2]. Furthermore, anomalous singularities (in such 
problems) due to either crossing or self-spreading in free space can have strength 
at most "-' 3s - n [2, 3]. The appearance of singularities of strength "-' 2s - nl2 
in Problems A and B implies that the analogue of Beals's 3s theorem does not 
hold for reflection at the boundary in second-order mixed problems. 
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FIGURE 1. The case n = 2 

We proceed to state the main results. Consider the mixed problem on aT 

( 1.2) 
Ou = pi. ulbQr E COO • 

where p E C: is chosen so that supp p c {It I < J} for J < T, P 2': 0, and 
P(O) > O. Wo and WI are taken to be the Cauchy data at t = -T of a function 
w(t . x • y) E Hl~C(Rn+I), s> (n + 2)/2, defined as follows. 

For any W E Sn-I denote by Iw(x. y) an element of HS(Rn) with the 
properties, for p > 1 : 

(1.3) (a) WF Iw = {(O.rw): r> O}. 
(b) 0 :::; lw(f. . 1]) :::; C (f. • 1]) -(s+n/2+a(p)) . where a(p) > 0 . a(p) = O(p-l). 

(Here (f. .1]) = (1 + If. .1]12)1/2 .) 

(c) I(f. .1]) - If. . I]lwl :::; If. .I]II/P implies fc)f. .1]) 2': c' (f. .1]) -(s+n/2+a(p)) . 
Functions satisfying (1.3 )(a)-( c) are constructed in [1]. 

Now take WI' w 2 ' WE Sn-I equal to (l/..f2. 1/..f2. 0), (1/..f2. -1/..f2. 0), 
(1 .0) , respectively, and define 11' 12 , g E H S (Rn) by taking W in (1.3) equal 
to WI' w2 ' W, respectively. Using w~(t. f. .1]) to denote the partial Fourier 
transform, we shall consider three possibilities for w: 

~ itl': ,'11 • • t: (1.4) (a) w (t.f..I])=e [f1(f..1])+/2(".1])), 
(b) w~(t. f. .1]) = eitl ': ,'1111 (f. .1]) + e- itl ': ,'1112( -f. . - 1]), 
(c) w~(t.f..I])=eitl':''1lg(f..I])+e-itl~''1lg(_f., -1]). 

Note that Ow = 0 and that WFw in cases a, b, c is respectively equal to 

(1.5) (a) Ui=1 ,2{(t. - twi • r. rw i ): t E R, r> O}, 
(b) {(to -twl.r.rwl):tER, r>O}U{(t. -tw2 . -r. -r(2):tER, 

r> O}, 
(c) {(to -tw.r.rw): tER, rER\O}. 

Next we define the sets that will be seen to carry anomalous singularities. 
First,for WESn - 1 let K~ be the rays through ±(l,w) in Rn+I\O ((r.f..I])-
space) and set (with notation borrowed from [2]) 
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(1.6) (a) BW"W2=K~'+K~2 (closure in Rn+I\O), 

(b) BW' ,-W2 = KW' + KW2 + - , 

(c) BW = {tangent plane to char 0 at ± (1, w)}. 
Using n to denote the projection (r, c; , '1) - (r , '1) , we set 

(1.7) (a) C I = nBw, ,W2 n {r2 ~ 1'112} = nBw, ,W2, 

(b) C2 = nBw , ,-W2 n {r2 ~ 1'112} , 
(c) C3 = nBw n {r2 ~ 1'112} = {r2 ~ 1'112}. 

Finally, for i = 1 ,2 ,3 we define 
o 

(1.8) Ai = {A = (t,x,y,r,c;,'1): t > 0, (t,x,y) E QT' and A lies on the 
outgoing (i.e., dx/dt> 0) null bicharacteristic that passes over (0, (r, '1)), for 

o 
some (r, '1) E C) . 

(Let n I be the projection (t, x , Y , r , c; , '1) - (t , x , y). Then in Figure 2 
n I Ai is the shaded region in each case.) If we set wo' W I in (1.2) equal to 
Wlt=_T ,x~o' Wtlt=-T ,x~o respectively, the existence of a solution u E HS(QT) 
follows from a classical iteration argument provided T is small enough, as we 
shall assume. 

Theorem 1.9. Fix e> 0 arbitrarily small. 
(a) (Crossing) Define wO' WI in (1.2) using W as in (1.4)(a). Then if 

p in (1.3)(c) is taken close enough to 1, the solution u E HS(QT) of (1.2) 
has singularities of strength 2s - n/2 + 2 + e throughout AI; that is, u tI. 
H2s-n/2+2+e(A) for all A E AI' (See Figure 2a.) 

(b) (Crossing) The statement is the same as in part (a), except that W as in 
(1.4)(b) is used, and A2 is substituted for Al (Figure 2b), 

(c) (Self-spreading) The statement is the same as in part (a), except that W 

as in (1.4)(c) is used, and A3 is substituted for Al (Figure 2c). 
Remark 1.10. Note that in parts (a) and (b) of Theorem 1.9 the singularity-
bearing characteristics are the same in t < 0, and the regions carrying anoma-
lous singularities are 2-dimensional sheets contained in the forward half light-
cone. Theorem 1. 7 of [14] implies that in t > 0, x > 0 u is COO outside those 

~Y 

(a) (b) (c) 

FIGURE 2. The case n = 2 . 
d d . d H 2s - n/2+2+e On the sha e portIOns u 'F 
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sheets. In (c) new singularities appear throughout the n-dimensional forward 
half light-cone. 

In (b) new singularities are also carried by a pair of forward gliding rays 
(since sing supp u is closed), while in (c) they appear on all forward gliding 
rays through the origin. 

Outline of the proof of Theorem 1.9. Here we shall establish some notation, make 
reductions that will be used throughout the paper, and point out why anomalous 
singularities of strength ~ 25 - nl2 should be expected in the presence of a 
boundary. 

Following an idea like that used by Beals [1, 2] in free space, we first write 
2 (1.11) u = v + RfJu 

where v E Hl~c(n) satisfies (in n) 

( 1 .. 12) 

and R is the forward solution operator such that for any U E L~oc(n) sup-
ported in t> -<5, RU satisfies (in n) 

(1.13) ORU = U, RUlbn = 0, RU = 0 in t < -<5. 

Next rewrite u as u = V+RfJv2 +RfJ(u2 _v 2) . The plan is to find singularities of 
strength 25 - nl2 + 2 + e in RfJv2 on Ai and then show that any singularities 
of the remainder RfJ(u2 - v 2) must be strictly weaker there, completing the 
proof. 

Singularities of RfJv2 . Notice that v is (mod Coo) simply the restriction to 
x> 0 of the function in Hl~C(Rn+l), which we will also call v, given by 

(1.14) 

Henceforth we will write v = va -Vb where va and vb' whose singularities lie 
respectively on incoming and outgoing rays, are defined by (1.14). We begin to 
see here an interesting feature of spreading at the boundary; namely, singular-
ities of RfJv2 (and hence anomalous singularities of u) can arise from three 
kinds of interactions-incoming rays with incoming rays, incoming rays with 
outgoing rays, and outgoing rays with outgoing rays. These interactions make 
contributions not all with the same sign, so to detect singularities in RfJv2 it 
must be shown that the cancellations are not complete. To make this precise, 
we first write 

( 1.15) 222 RfJv = (EfJv )Ix>o - C((EfJv )I bn ), 

where E is the solution operator such that for U E L~oc (Rn+ I) supported in 
t> -<5, EU satisfies (in Rn+1 ) 

(1.16) OEU = U, EU = 0 in t < -<5 , 
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and C is such that, for V E HI~c(bQ) supported in t> -(), CV satisfies (in 
Q) 

( 1.17) DCV = 0, (CV)l bn = V, CV = 0 in t < -(). 

For V E HI~c(bQ) known only to satisfy sing supp V c {t > -()}, we shall 
also denote by C an operator such that 

(1.17') DCV = 0, (CV)l bn = V, sing supp CV c {t > -()}. 

The term (Epv 2)lx>o in (1.15) cannot possibly contribute anomalous singular 
support to u, simply because 

2 7r2 WFv n charD = 7r2 WFv n charD(7r2: (t, x, y, r, ¢ ,11) --+ (r, ¢ ,11)) 

in each of the three cases. For example, suppose w as in (1.4)(a) is used 
to define va and vb' and write va = Val + Va2' Vb = Vbl + Vb2 ' where 
~ itl'; 'lfl!.' (J: ) ~ itl'; 'lfl!.' (J: ) Th h WF 2 K Wt Vai = e i .. ,11 , V bi = e i - .. ,11· en one as 7r 2 Val = +' 

7r2WFVaIVa2 C B Wt ,Wz (which satisfies B Wt ,Wz ncharD = K~t UK~Z), and sim-
ilarly for the other terms in v 2 • When w as in (1.4)(b) is used, the argument 
is essentially the same. The third case is more subtle, for then 7r2 WF val and 
7r2 WF va2 are antipodal (similarly for Vbl ' Vb2 ). By a res,:lt of M. Beals [2, 
Corollary 1.6], 7r2 WFval va2 c BW and 7r2 WFVb1 vb2 C B-w . Since the other 
terms resemble those in the first two cases, this implies that again 7r2 WF v 2 

contains no new characteristic directions. Thus in each case we have reduced to 
considering C((Epv 2)l bn ). It should be noted that the same argument gives the 
main reason why anomalous singularities of strength ~ 2s - nl2 never appear 
in solutions to Du = J(u) due to spreading in free space. 

Since v 2 = (v~ - vavb) + (v; - vavb) we can reduce further, as will be clear 
from the proofs of §§3 and 4, to considering 

2 (1.18) C((EPva)l bn ) - C((EPvavb)l bn )· 

Writing 
2 2 2 

(1.19) va =Val +2valva2+va2' 

we examine first 

( 1.20) 

supposing again that w as in (1.4)(a) is used to define v. We claim that each 
term in (1.20) has singularities of strength ~ 2s - nl2 on Al . 

To see why, begin by recalling that 7r2WFpvalva2 C BWt ,W2. In §3 we will 
show that, in fact, Pval va2 and therefore also EPval va2 have (microlocal) 

o 
singularities of strength ~ 2s - nl2 throughout BWt ,W2 over (t ,x ,y) = O. 
Hence one expects (Epv al va2 )l bn to have singularities of strength ~ 2s-n12 on 

C I = 7rB WJ ,Wz over 0 E bQ. Since C I c {r2 > 11112}, all of these singularities 
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should be picked up and propagated by the operator C, leading to singularities 
of strength ~ 2s - nl2 throughout Al . The second term in (1.20) also has such 
singularities on Al by a similar argument (note that n2 WFpval Vb2 = BW' .w; , 
where w; = (-1/V2, - 1/V2, 0), and nBw"w; also equals CI ), but we will 
show that these are actually strictly weaker (Lemma 3.18). 

C((EPvalva2)lbo) - C((EPva2vbl)lbo) ' by the same analysis, contributes sin-
gularities of strength ~ 2s - nl2 , and it is clear that these cannot cancel those 
of (1.20) since the same term dominates in both cases. The analysis of Rpv2 
in part (a) of Theorem 1.9 is concluded by observing that the remaining terms 
in (1.19) clearly contribute nothing anomalous to C((Epv2)lbo )' 

In §§3 and 4, using a well-known result on reflection of WFb , we replace the 
technically inconvenient operator E in the above argument by multipliers like 
H (r , ~ , 11) I (r2 - (~2 + 11112)) , where H is the characteristic function of a small 

o 
conic neighborhood of, for example, a point in BW' ,W2 (see Lemma 3.3). 

The analysis of Rpv 2 in parts (b) and (c) of Theorem 1.9 follows the same 
outline. For example, in part (c) we show first that pVa IV a2 has singularities of 
strength ~ 2s - n I 2 throughout BW. BW projects onto the whole of (r, 11)-
space, but the only singularities (in (EPvalva2)lbo) that C can propagate are 
those at points (0, (r, 11)) with r2 ~ 11112. This explains why C3 is chosen as 
in (1. 7) ( c). 

We wish to emphasize something already indicated in the discussion of (1.20). 
In each of the three cases of Theorem 1.9: 

(1.21) The anomalous singularities on a fixed ray in Ai produced by interactions 
of incoming rays with incoming rays (va' Va) , or by interactions of outgoing 
rays with outgoing rays (Vb' Vb) , are stronger than those produced by incoming-
outgoing interactions (va' Vb) (see Remark 3.26). 

The remainder RP(u2 - v2). By (1.11) we have that u2 - v2 = 2vRpu2 + 
22 . 2 22 (Rpu ) , so we must conslder two terms, RP(vRpu ) and RP(Rpu ) . Once 

a careful estimate of the regularity of v2 is obtained (Lemmas 3.28 and 4.21), 
the second term can be handled using some of the HI ,I' microlocal algebra 
and propagation results of [14], but those results alone do not quite yield suf-
ficient regularity of RP(vRpu2) on Ai' In order to find the extra smoothness 
needed, we extend certain microlocal pieces Vi of Rpu2 across the boundary 
as solutions of wave equations in free space (Lemmas 3.36 and 4.38). This 
allows us to improve estimates like (r, ~ ,11)s+1¢Rj;l E L 2 to estimates like 
(r -I~ ,111) (r , ~ , 11)s+1 Vi E L 2 , and with these the proof that RP(u2 - v2) does 
not cancel the singularities of Rpv2 can be completed. We remark that in the 
extension argument, the fact that the incoming singularities lie on rays that meet 
bQ transversely plays an important role. 

The plan of the paper is as follows. In §2 we collect results from [14] (and 
elsewhere) that are needed in the rest of the paper. In §3 parts (a) and (b) of 
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Theorem 1.9 are proved, and in §4 we prove part (c). We refer to the intro-
ductory paragraph of §4 for some comments on the main technical differences 
between these two sections. In §5 two open problems are described. 

A brief outline of the argument in the case of part (a) of Theorem 1.9 was 
included in the final section of [14]. 

Remark. In mixed problems for more general strictly hyperbolic equations Pu = 
Pf(u) , anomalous singularities of strength ~ 2s - nl2 should be expected to 
arise by a process similar to that in the case Du = pu2 • For example, suppose 
f(u) = a2u2 + a3u3 + "', ul bnr E Coo, and that the initial data are as in 
Theorem 1.9(a). Then u can be written u = v + RPf(v) + RP(f(u) - f(v)), 
with v = va - vb' Va = Val + Va2' Vb = Vbl + Vb2 as before. Consider the 
term amRpv m in RPf(v). v m is a sum of terms like CV:;;'V;;;2V;;:3 V;;4. Let 
us write this as CW, If m l = m3 = 0 or m2 = m4 = 0, CW contributes 
nothing anomalous to Rpv m . In any other case W has singularities of strength 
~ 2s - nl2 (in addition to other singularities which can be as weak as ~ 4s) 
in (r ,C;, 1])-directions that project into CI c {i > 11]1 2}. By the argument in 
the case Du = pu2 , these singularities give rise to anomalous singularities of 
strength ~ 2s - nl2 in RpW. 

Acknowledgment. The influence of the work of Michael Beals on this paper is 
obvious, even in the title. I wish to thank him especially for conversations in 
which he suggested that anomalous singularities of strength ~ 2s - nl2 should 
be expected in second-order mixed problems. 

tt' 2. H' ALGEBRA AND PROPAGATION THEOREMS 

Here we collect for easy reference some information that will be needed in 
§§3 and 4. 

As before let z = (t ,x ,y) E Rn+ l , (= (r ,C;, 1]), and n = {(t ,x ,y): x 2: 
O}. Sometimes we shall also set z' = (t, y) and (' = (r, 1]). With (0 = 

(1 + 1(12) 1/2, Ht.t' (Rn+l) is the space of tempered distributions u such that 
u(O E L~oc and (()I((,/U E L2(Rn+I). HI~:'(Rn+l) is the corresponding 
local space, and HI~:' (0) the space of restrictions to x > 0 of elements 
of HI~:' (Rn+I ). Denote by Tm(O) the set of properly supported tangential 
pseudodifferential operators ¢(z, D'): HI~:' (0) -+ H:ot-m(O) associated to 

, t 00 ~ symbols ¢(z, () of degree m. For u E Hlo~- (0) we define WFI.f'u C 
o 0 ~ 

(T*bO\O)U(T*O\O) as follows. In T*O\O, WFt,I'u = WFI+t'u, where 
for any r E R, WF, is the usual measure of microlocal H' singularities. If 
a E T* bO \ 0, a tI. WF 1,1' u if and only if for some ¢( z ,D') E TO (0) , elliptic 

I I' ~I I' , at a, one has ¢u E Hlo~ (0). In this case we write u E H ' (a). When t = 0 
~ ~IO ~ ~I 

instead of WF I ,0' H' we will usually write WF I' H . 
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Remark 2.1. In order to show that a given u E HI~~-oo (0.) satisfies u E iJt.t' (a) , 
it is often easiest first to extend u to an element U E HI~~-oo (Rn+l) and 
then to find an operator ¢( z , D') E TO (Rn+ I) , elliptic at a, such that ¢u E 
HI,t'(Rn+l) 

loc . 
First we state a microlocal algebra result for interior points. 

o 0 

Lemma 2.2 (Rauch [11]). For any A E T* 0. \ 0, if u E HI~c(o.) n H r (A) and v E 
o 

Ht~c(o.)nH'(A), Si > (n+l)/2, then uv EH'(A) provided r<sl+s2-(n+l)/2. 

I I' Lemma 2.3 (Sable-Tougeron [13]). The spaces Hlo~ (0.) are algebras stable un-
der composition with smooth f(z, u) if t > !, t + t' > (n + 1 )/2, t + 2t' > 1. 

This lemma and Peetre's theorem yield by induction the simple 

Corollary 2.4 [7, Proposition 2.15]. If u E HI~C(o.), s> (n + 1)/2, satisfies 
Du = f(u) for f E coo, then u E HI~:-a+2 ,-s+<>-2(0.) for all a> 1. 

Thus WF I I' u is defined for such solutions as long as t < 2s + ~ . The next 
result is an analogue of Rauch's lemma at the boundary. 

Lemma 2.5 ([14, Lemma 1.10]; also [13]). Suppose s'. t' satisfy (n + 2)/2 
< s :s: s' < 2s - (n + 1)/2 - a, 0 :s: t' :s: a, where a E (1 ,s - (n + 1)/2). 
Then if u, v E H/:c- a '-S+"(o.) n iJS ' ,I' (a) for some a E T* bo. \ 0, 

We proceed now to state the linear and nonlinear propagation theorems that 
will be used in the analysis of the remainder RP(u2 - v 2 ). First recall that 
the elliptic, hyperbolic, and glancing regions (E, H, and G) of T* bo. \ 0, 
defined with respect to 0, consist respectively of points (t, Y , , , YJ) such that 
,2 < 1 YJ 12 , ,2 > 1 YJ 12, ,2 = 1 YJ 12 . The bicharacteristics of ,2 -I YJ 12 in G are called 
gliding rays. Given a E H we shall denote by y_(a) (resp. y+(a)) the open 

o 
half-ray (a null bicharacteristic of D) in T*o., with endpoint over a, on which 
dx/dt < 0 (resp. dx/dt> 0). Even for the operator 0 on this simple domain, 
it is convenient to describe propagation in terms of generalized bicharacteristics. 

o 
Near characteristic points in T* 0. \ 0 these are just null bicharacteristics of O. 
For a E HuG let us denote by f'( t) the generalized bicharacteristic through 
a . Then if a E G, f'( t) is the gliding ray through a. If a E H, r( t) coincides 
near a with the continuous curve obtained by taking y _ (a) U {a} U y + (a) and 
identifying the points over bo.. (A precisely stated, general definition is given 
in [9].) 

The following linear propagation theorem is a special case of Theorem 1.3 
of [14]. 
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Theorem 2.6. Suppose u E D' (0) (the space of extendible distributions) satisfies 
o , 

Du = f in 0, where for some s' 2: 1, t' 2: -1, f E HI~c'-oo(O) and u E 
s' +I' +3/2 H {(t,x,y,O,~,O):x>O, ~#O, (t,x,y) near bO}, Then every 

point Yo E WFS'+2 ,1'-1 u\ (WFs' ,I,fu WFS'+I'+1/2(ul bn )) is either a characteristic 
o 

point of 0 in T*O or else contained in HuG. If p ,q satisfy 0::; p ::; s' + 2, 
p+q = s' +t' + 1 and Yo E WF p ,qu\(WFs' ,1,jU WFS'+I'+I (ul bn )), then an open 
interval (-N , N) 3 t --+ r(t) with r(0) = Yo on a generalized bicharacteristic 
is contained in WFp u. ,q 

An iterative argument combining Lemma 2.5 with Theorem 2.6 gives the 
following nonlinear 2s theorem, a special case of Theorem 1.11 of [14]. 

Theorem 2.7. Let f(z, u) E Coo, but if 1m u # 0 assume f is analytic in u. 
o 

Suppose that u E HI~c(O), s> (n + 2)/2, satisfies Du = f(z ,u) in O. Then 
for p, q such that s ::; p, 0 ::; q ::; 1/2, p + q < 2s - (n + 1) /2 + 1, every 

~ 0 

point Yo E WF p ,qU \ WFp+q(ul bn ) is either a characteristic point of 0 in T*O 
or else contained in HuG. Moreover, an open interval (-N, N) 3 t --+ r(t) 
with r(0) = Yo on a generalized bicharacteristic is contained in WF p ,qu. 

In the estimates to follow the next fact is often used (see [12]). Let P = 
(TO ,~o ,1Jo) be another symbol for the dual variables. 

(2.8) If h(O = J G(( ,P)f(( - P)g(P) dP where f, g E L2 and G can be 
written as a sum of finitely many functions Gi with sup, J IGil2 dP < 00 or 

supp J IGil2 d( < 00, then one has IIhl12 < Cllfllzllgl12. 
3. CROSSING AT THE BOUNDARY 

Most of this section is devoted to part (a) of Theorem 1.9. At the end we 
shall explain the changes needed to prove part (b). 

We will use the notation and reductions described in the introduction. In a 
single proof the letter C may denote several different constants, and the same 
applies to e and M. Note also that in the rest of the paper we will represent 
(T,1J) by f.i instead of " . 

3.1. The singularities of Rpv2 . 

Proposition 3.1. Let w be as in (1.4)(a), define v as in (1.14), andfix e> 0 
arbitrarily small. Then if p in (1.3) is taken close enough to 1, Rpv2 has 
singularities of strength 2s - n/2 + 2 + e throughout AI; that is, Rpv2 tt. 
H2s-n/2+2H()..) for all ).. E AI' 

The proof consists of several lemmas. As explained in the introduction, we 
need only consider C((Epv 2)lbn ). In fact, it will be clear from the following 
analysis that it is really enough to exhibit singularities as above in 

(3.2) C((EPvalva2)lbn) - C((EPvalvb2)lbn) (recall (1.18)-(1.20)). 
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The first lemma shows that for the purpose of detecting singularities of 
C((Epval va2 )l bO) on the outgoing ray over any fixed (0, jl) E T* bn \ 0 with 

o 
71 E C I' E can be replaced by a simple multiplier. Without loss of generality 
we take 71 = (I ,0). A similar result holds, of course, for the second term in 
(3.2). 

Lemma 3.3. Let H (r ,<!, , 17) be the characteristic function of a small conic neigh-
borhood of (2, V2, 0) = (I ,WI) + (I, ( 2) E B W' ,W2, and set 

~ 2 2-
U = (H(()/(r -I<!', 171 ))Pval va2 · 

Then WF[C((EPvalva2)lbn) - C(Ul bn )]ny+(O,71) = 0. 

Proof. Let V = EPvalva2-C((EPvalva2)lbn) and set V=U-C(Ulbn ). Then 
V - V satisfies, in n, 
(3.4) 
D(V-V) = (I-H(D))Pval va2' (V-V)lbn=O, V-VEC oc int<-o. 

Since P;;;;;;;; is rapidly decreasing outside B W ) ,W2 (and because of the location 
of suppH), we have WF( 1 - H(D))pval va2 n (y _ (0, jl) u y +(0, jl)) = 0 and 
(I - H (D)) Pv a I Va2 E jjoc (0 , 71). Hence, by classical results on reflection of 
regularity (or Theorem 2.6), (3.4) implies WF(V - V)ny+(O,jl) = 0, which 
in turn implies the desired result. 

So now we concentrate on measuring the singularities of C(Ul bn ). The first -step is to get a lower bound for pVa I va2 on a subconic neighborhood of each 
o _ 

point in B W' ,w, . We will do this for ( = (J2/3 , JT73 ,0) , the argument being 
the same for other points on the wedge. 

Lemma 3.5. There exist constants e, M such that on S = g = (r ,<!, , 17): I (I 2: 
M, I( - (1(11 ~ el(lljP} we have p;;;;;;;;(O 2: C{O-(2s+I+O(P-I)). 

Proof. It suffices to show that the conclusion holds for ( E S' = {( r , <!' , 17) : 
I(<!', 17) - (I ,O)I<!' , 1711 ~ el<!', 171 1(p, Ir - V21<!', 1711 ~ el<!', 171 1(P, I<!', 1712: M}. We 
must estimate 

(3.6) / p(r -I<!' - <!'o' 11 - 1101-1<!'0' 11ol)il (<!' - <!'o' 11 - 110)]2(<!'0' 110) d<!,o d110' 

Fix a (r, <!' ,11) E S'. So r = V21<!' ,111 + ol<!' ,11l ljp for some 101 ~ e. Recalling 
~ ~ , ~ , 

that P 2: 0, P(O) > 0 we choose 0 , C such that p(a) 2: C for lal ~ 0 . 
Now define 

(3.7) A= U {(<!'o,11o):V2I<!',11I+ol<!',11II(P+e'=I<!'-<!'o,11-11ol+l<!'o,11ol}' 
le'l::;o' 

a union of confocal ellipsoids with foci at (<!" 11), O. Noting that I<!', 11lw2/V2 
(w2 = (1/V2, -1/V2,0)) lies on the ellipsoid V21<!', 111 = 1I<!',111(1,0)-
(<!'o' 110)1 + I<!'o' 1701, we define 

M I(p 
(3.8) B = {(<!'o' 110): I(<!'o' 110) -I<!' ,11l w2 /v 21 ~ el<!' ,111 }. 
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For (~O' 170) E Band M large, it is easy to check that (~o' 170) ~ (~, 17) , 
(~ - ~o' 17 - 170) ~ (~ ,17), I(~o' 170) -I~o' 1701w21 ~ Cel~o' 17oll/P , and 

I(~ - ~o' 17 -170) -I~ - ~o' 17 -17olwl l ~ Cel~ - ~o' 17 - 17oll/P. 

So, using (1.3)(c) we get 

(3.9) 
p;;;::;;;;; ~ C { II (~ - ~o' 17 - 170)/2(~0 ,170) d~o d170 JAnB 

~ C { (~, 17) -2(Hn/2+0(p-I)) d~o d170. 
JAnB 

Since vol(A n B) ~ C( I~ , 1711/ p)n-I for a C independent of (r ,~ , 17) E Sf , the 
result follows. 

Next we derive a lower bound for Ui;n on a subconic neighborhood of 
Ji = (1 ,0). Note that sing supp Ul bn = {o}. 

Lemma 3.10. There exist constants e, M such that for 11 = (r , 17) satisfying 
1111 ~ M, 111- (1 ,0)11111 ~ ell1l l/P we have ~ ~ C(I1)-(2H2+0(P-I)). 

Proof. For' E S (as in Lemma 3.5), since H is supported near' we have 

(3.11 ) fj = H(O ~ > C(O-(2H3+0(P-I)) 
r2 _ I~ , 1712 al a2-

We must estimate 

(3.12) 

Now S contains a set of the form S" = {(r,~, 17): 111- (1 ,0)11111 ~ ell1ll/p, 
I~ - 1111/V21 ~ ell1l l/p , 1111 ~ M}. Setting a±(I1) = 1111/V2 ± ell1l l/P and 
t = 2s + 2 + O(p - 1) , we obtain that for M large and 11 as in the definition 
of S" 

(3.13) 

The next lemma shows that the first term in (3.2) has singularities of the 
desired strength on Al . 

Lemma 3.14. Fix e > 0. If P in (1.3) is chosen close enough to 1, then for all 
A E AI' C((E/3valva2)lbn) rt. H2s-n/2+2+e(A). 
Proof. Without loss of generality we shall look near y + (0, Ji), Ji = (1 ,0). So 
let (to'xo'yo'1, -1,0) E y+(O,Ji). Choose a(x) E C;'(R) with support 
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concentrated near xo such that la(O)1 > 0, and denote by p(r, ~ ,t7) the char-
acteristic function of a small conic neighborhood of (1 , - 1 ,0). With U as 
in (3.11) set h(r,t7)=6I;Q and note that C(Ul bQ ) is equal (modCOO ) to 

(3.15) C'(Ul bQ ) = (2n:)-n! exp(itr - ixJr2 -1t712 + iyt7)h(r, t7)drdt7. 

We claim that if p is chosen close enough to 1, 

(3.16) (r,~,t7)2S-n/2+2+ep(r,~,t7)~ ~ L2(Rn+I). 

To see this, observe that by (3.15), ~) = a(~ + Jr2 -1t71 2)h(r, t7). 
Hence, if (3.16) were not true, that would imply 

(3.17) (r, t7)2s-n/2+2+e h(r, t7) E L2(Rn) , 

but (3.17) does not hold if p is close enough to 1, by Lemma 3.10. Since 
WF C' (Ul bQ ) is concentrated near y + (0, Ji) , the desired conclusion now fol-
lows from (3.16) and Lemma 3.3. 

Lemma 3.18. Fix e > 0. If P in (1.3) is chosen close enough to 1, then for all 
A E AI' C((EfJvaIVa2)lbQ) - C((EfJvaIVb2)lbQ) ~ H2s-n/2+2+e(A). 
Proof. Again we focus on y+(O,Ji), li = (1,0). Note that n:2WF fJvaIvb2 = 

BW' ,wi, where w; = (-1/ VI. , - 1/ VI. , 0) , and that (1 , ° , 0) E BW' ,wi projects 
to li. Let il (0 be the characteristic function of a small conic neighborhood 
of (1,0,0) and set 

(3.19) 

In view of Lemma 3.3 and the proof of Lemma 3.14, it will suffice to show 
that there exist constants e, M such that for Ji = (r, t7) satisfying IJiI 2: M, 
IJi- (1 ,0)IJiII ~ eIJiI I/ P we have 

(3.20) VI - VI > C( )-(2s+2+0(P-I)) bQ bQ - Ji . 

We must compare 

- ! H(O ~ (3.21) VlbQ = r2 _I~ ,t712 fJ(r -I~ - ~o' t7 - t701-1~0' t70D 

. 11 (~ - ~o ,t7 - t70)]2( -~o ,t70) d~o dt70 d~ 

with (3.12). After the change of variables ( = ~-2~0' Z = -~o' (3.21) becomes , ~ 

(relabeling ~ = ~, ~ = ~o) 

(3.22) ! il (r , ~ - 2~0 ' t7) ~ 
r2 _I~ _ 2~0' t712 fJ(r - I~ - ~o' t7 - t701-1~0' t70D 
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Let F (r ,~ , YJ '~o ,YJo) denote the integrand in (3.22), and note that 

(3.23) f F d~o dYJo ~ CX(tJ-)p;;;;;;;, 

where X is the characteristic function of a small conic neighborhood of Ii. 
Since rv;;v;; is rapidly decreasing outside B W ' ,W2, it follows from (3.23) 
that, with r a small conic neighborhood of (J2/3, JI73 ,0) E B W ' ,W2 and 
D(r, YJ) = {(~o' YJo ,~): (r ,C YJ) E r}, 

(3.24) 

Thus, it is enough to compare (3.12) with the integral over D(r, YJ) in (3.24). 
Now given any J > 0, if rand supp if are small enough (as we are free to 
arrange), then for (r , ~ , YJ) E r, (r, ~ - 2~0 ' YJ) E supp if, (r, YJ) large, we have 

(3.25) (r2 -I~ - 2~0' YJI 2)-1 ~ (! + J)(r2 -I~, YJI2)-I. 

With Lemma 3.10 this implies the estimate (3.20). 
Remark 3.26. The proof shows that the basic reason why the first term dom-
inates the second in (3.20) is simply this: the rayon B W ' ,W2 which projects 
to {tli: t > O} under (r,~, YJ) -+ (r, YJ) lies closer to r2 = I~, YJI2 than the 
rayon B W ' ,w~ with that projection. Of course, analogous statements hold with 

o 
respect to other choices of Ii Eel' This is perhaps the easiest way to see 
why incoming-incoming or outgoing-outgoing interactions dominate incoming-
outgoing interactions (recall (1.21)). Note that if the incoming rays are quite 
close to being gliding rays, the singularities due to incoming-outgoing interac-
tions are nearly as strong as those due to incoming-incoming interactions. 

Since C((EPvalva2)lbn) - C((EPva2vbl)lbn) can be analyzed in the same 
way, Lemma 3.18 implies that v~ - vavb contributes singularities of strength 
2s - nl2 + 2 + e to Rpv2 on AI' Applying the same arguments to v~ - vavb 
shows that it contributes singularities of the same strength and sign. So this 
concludes the proof of Proposition 3.1. 

3.2. The remainder RP(u2 - v 2 ) • Proposition 3.1 and the following proposition 
together imply Theorem 1.9(a). 

Proposition 3.27. In the case of Theorem 1. 9(a), RP(u2 - v 2) E HI (1,.) for all 
t < 2s - nl2 + ~ , for all A E AI . 

Recall from the introduction that RP(u2 - v2) = 2RP(vRpu2) + RP(Rpu2)2 . 
The second term can be handled using the results of §2 and the following lemma. 
Here we let n(l,w l )=tJ-1 and n(l,w2 )=tJ-2 (n(r,~,YJ)=(r,YJ)). 

Lemma 3.28. Away from z = 0 E Rn+ l , WF v 2 = WF v. If Ii E Rn \ 0 lies 
outside a conic neighborhood of {tJ- 1 ,tJ-2} , then for a = (0, Ii) E T* bn \ 0, 
v 2 E if2s - n/ 2+e(a) for all e < !. 
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Note that Lemma 2.5 gives regularity only up to order 2s- (n + 1)/2 for such 
a. Actually, for a = (0, m with 71 tt. C I ' it is easy to see that v L E iiI (a) for 
all t, but we will not need this. 

Proof. The first statement is clear since interaction occurs only at O. The second 
follows from [1, Lemma 5], but we give here a slightly simpler proof by a method 
that will also be useful elsewhere. 

Consider first val va2 . For any et (t) E C(;' , 

etV;1 = a(r -I~, ,,1)11 (e;,,,) = y(r -Ie;, "I)h l (r,~,,,) 

for some y E.9, hi E HS(R n+I). Similarly, et--V:Z = y(r -Ie;, ,,1)h2 for some 
h2 E HS(R n+ 1). Let XI' X2 be characteristic functions of small conic neigh-
borhoods of (1, WI)' (1, ( 2), respectively, and let X(/l) be the characteristic 
function of a small conic neighborhood of 71. It is clearly enough to examine 
(XI(D)etVal)(X2(D)etVa2)' For this we shall apply (2.8) to 

(3.29) G(( fJ) = x(Ji)(o2s-n/2+e Y(T - TO - I'; -';0,11 - 1101)Y(To - 1';0, 110J)Xl (( - fJ)X2(fJ) . 
, (( - fJ)s (fJ)s 

On supp G ,,- {31 ~ CI(I and 1{31 ~ CI(I so IGI :::; F = 

(3.30) CIY(T - TO -I'; -';0,11 - 1101)Y(To -1';0' 110J)lxl (( - fJ)X2(fJ) 
(fJ)n/2-e 

Writing "0 = ("01' ,,~), we define the map T: (ro' "01) --+ Cr, 'ifl ) by 

(3.31) r = ro -Ie;o' "01, 'ifl = r - ro -Ie; - e;o'" - "01· 
Note that 

( 3.32) 

Hence, 

J F2 d{3 = J (F 0 T- I )21 det dT-11 dr d'ifl de;o d,,~ 

< cJ ly2(r)y2('ifI)1 drd'if de; d,,' < 00 
- (J:' )n-2e 1 0 0 

"'0' "0 

if e < -!. By (2.8) this finishes the case val va2 . The case val Vb2 can be handled 
by the same change of variables. The remaining terms constituting v 2 either 
satisfy the conditions of the lemma trivially or can be handled as above. 

Lemma 3.33. In the case of Theorem 1.9(a), R{3(R{3u2/ E HI (J..) for all t < 
2s - n/2 + ~ , for all J.. E Al . 

o 
Proof. For any 71 E C I let a = (0, m E T* bQ \ 0, and for t E R denote by 
;rl(a) the space HI(y_(a)) n iil(a) n H1(y+(a)). First we show 

(3.34) 2 I I 
U E;r(a) fort<2s-n/2+ 2 . 



306 MARK WILLIAMS 

By Theorem 2.7, u E ~I(a) for t < 2s - nl2 + 4. Rauch's lemma then 
gives u2 E HI (y _ (a) U y +(a)) for t < 2s - (n + 1)/2, and Lemma 2.5 implies 

2 ~ s' I', , I 
U E H . (a) for s < 2s - (n + 1)/2 - a, t = a for all a > "2' Applying 
the linear propagation theorem, Theorem 2.6, we obtain Rpu2 E ~I (a) for 
t < 2s - nl2 + 4 . Another application of Rauch's lemma and Lemma 2.5 (using 
the fact that Rpu2 E Hl~~+I)-(X.-(S+I)+(X(nT)) shows that (RpU2)2 E ~I(a) for 
t < 2s - nl2 + 4. Now to prove (3.34) we write u2 = v 2 + 2vRpu2 + (RpU 2 )2 , 

and note that by Lemma 3.28 it remains only to consider vRpu2 • We have 
v E HI~;N .-N (n)n~N (a) for all Nand Rpu2 E HI~~+I)-a .-(S+I)+a(nT)n~1 (a) 

for t < 2s - nl2 + 4. Rauch's lemma yields vRpu2 E HI(y_(a) U y+(a)) for 
2 ~I t < 2s - nl2 + 4, and (the proof of) Lemma 2.5 gives vRpu E H (a) for such 

t. This establishes (3.34). 
To finish, observe that (3.34) and Theorem 2.6 imply Rpu2 E ~I(a) for 

t < 2s - nl2 + ~. The algebra lemmas give (RpU2 )2 E jf'1(a) for such t, and 
a final application of Theorem 2.6 concludes the proof. 
Remark 3.35. Suppose 71 E Rn\O lies outside a conic neighborhood of {Ill' 1l2} . 
If Theorems 2.6 and 2.7 are used fully (i.e., not just the parts concerned with 
rays over hyperbolic points), then the argument used to prove (3.34) shows that 
for a = (t, Y ,71) E T* bnT \ 0, u2 E jj2S-n/2H(a) for all e < 4. It also 

o 
shows that if A. = (z, () E T*nT \ 0 is such that n( = 71 or n( = 0, then 
u2 E H2s-n/2H(A.) for all e < 4. Theorem 1.7 of [14] yields COO regularity of 
u2 in certain regions (see Figure 2a), but that is not needed here. 

We proceed to consider the term RP(vRpu2 ). In the above proof it was 
shown that vRpu2 E jf'1 (a) for t < 2s-nI2+ 4 . It is not hard to improve this to 
t < 2s - nl2 + 1 by using, for example, the fact that &V;I = ii(r -I~ ,1/l)il (~ ,1/) 
for a(t) E C;'. Theorem 2.6 would then give RP(vRpu2 ) E jf'1(a) for t < 
2s - nl2 + 2, which is still not quite enough. The problem is that the local 
estimate Rpu2 E HI~~+I)-" .-(s+I)+"(nT) is too imprecise. To find the extra 
regularity required, we shall extend certain pieces of Rpu2 across the boundary 
as solutions of wave equations in free space. 

Lemma 3.36. In the case of Theorem 1.9(a), RP(vRpu2 ) E HI(A.) for all t < 
2s - nl2 + i ' for all A. E Al . 

o 
Proof. For any 71 E C 1 let a = (0,71) E T* bn \ 0 and observe that it will 
suffice to show 

(3.37) 2 I ~O.I I 3 vRpu E H (y_(a)) n H (a) n H (y+(a)) for t < 2s - nl2 +"2' 

for then Theorem 2.6 implies WF 2 .1_ I RP(vRpu2) n y+(a) = (2) for such t. 
Let QT = (- T , T) x Rn and denote by C;, (nT ) the space of restrictions to 

nT of elements of C;'(QT)' By finite propagation speed for mixed problems 
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(e.g., [6, Theorem 8.5]) it is enough to prove (3.37) for vRp¢u2 ,for appropriate 
choices of ¢(t, x, y) E C;; (o.T)' SO we fix such a ¢. With fJ-l' fJ-2 as in 
Lemma 3.28, choose Al (r, 1]), A2(r, 1]) E SO(Rn) with Ai == 1 on a small 
conic neighborhood of fJ- i and such that Ai == 0 outside a slightly larger cone 
contained in {r2 > 11]1 2}. Writing A(D') = A1(D')+A 2(D') and ¢u2 = A¢u2 + 

2 2 I (1 - A)¢u ,we note that by Remark 3.35 (1 - A)¢u E H 1oc (o.T) for all t < 
25 - nl2 + !. Hence Rp(1 - A)¢u2 E Hioc(o.T) for t < 25 - nl2 + ~ , which 
implies easily that vRP(I-A)¢u2 satisfies (3.37). Thus it is enough to consider 
vRpA¢u2 . We concentrate now on vRPA I ¢u2 , the other term being handled 
similarly. In fact, we may replace Al by ¢Al where ¢ E C;;(o.T) and ¢ == 1 

~ ~ ~ 2 
on supp ¢. Letting ¢A 1 ¢ = AI' we proceed to find a good extension of RPA 1 U 

across x = O. 
~ 2 , ~, 

The first step is to extend Al u . Choose B(z, D ) = b(z)B(D ), where 
bEe;; (fiT)' B (r , 1]) E SO, and B == 0 outside a small conic neighbor-
hood of fJ- 1 contained in {r2 > 11]1 2}, such that B == 1 on ess supp Al . 
Now Al u2 E H 2s - o ,-HO(o.) for all a > !. Fixing such an a close to !, 
we see that (1 - B)Al u2 E Hl!~-o ,00 (0.) , so it can be extended to an element 
WI E Hl!~-o ,00(Rn+1). Next go back to Al u2 , extend it to an element (AI u2)e E 
H 2s- o ,-HO(Rn+1), and set w2 = B(AI u2 )e E H 2s- o ,-H"(Rn+1). Then w = 
WI + w2 extends Al u2 and, after truncation in x < 0 if necessary, has com-
pact support. Note that if O( r , 1]) E SO is such that cone supp 0 n cone supp B 
= 0, then O(D')w E Hl!~-o ,00(Rn+1). RPA1 u2 can now be written 

(3.38) 

where the first term is a solution on Rn+1 and the second remains to be ex-
tended. 

We now show that vEpw satisfies (3.37). Choose f//(z) E C;;(Rn+l) such 
that f// == 1 on a large neighborhood & of 0, and choose X (r , 1]) E SO such 
that X == 1 on cone supp B and X == 0 outside a slightly larger cone contained 
in {r2 > 11]1 2}. We claim 

(3.39) (1 - X(D'))f//Epw E Hl~:-"+2(&). 

To see this, write 0(1 - X)f//Epw = (1 - X)f//PW + (1 - X)[O, f//]Epw. The 
first term is in Hl!~-o,oo(Rn+l) and the second vanishes on &, so (3.39) fol-
lows from microlocal ellipticity, the fact that 7r2 WFw C {(r,~,1]): (r,1]) E 

conesuppB or (r, 1]) = O}, and our choice of X. (3.39) implies imme-
diately that v (1 - X) f//Epw satisfies (3.37) if &' is large enough, so it re-
mains to examine vX(D')f//Epw. Since f//Epw E HHI (Rn+l) and Of//Epw = 

f//PW + [0, f//]Epw E H:omp(Rn+l) , it follows that 

s+1 - 2 n+l (3.40) (r, ~ ,1]) (r -I~ ,1]I)f//Epw E L (R ). 
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This permits us to use an argument similar to the proof of Lemma 3.28 on 
vXIjIEpw. Consider first va2XIjIEpw. As before, for any a(t) E C;;" , 

- A h s n+1 aVa2=y(r-I~,'1l)h(r,~,'1) forsomeYEY, EH(R ). 

Let X2 be the characteristic function of a small conic neighborhood of (1 , w2) , 
and observe that it suffices to consider (x2(D)ava2 )(x(D')IjIEPw). Denoting by 
(J(p,) the characteristic function of a small conic neighborhood of 7i (disjoint 

o 
from supp X) contained in C 1 ' and, using (3.40), we shall apply (2.8) to 

(3.41) G(( p) = ()(p,)(p,)2S-n/2+IHy(ro -I~o' '1oI)X(p, - p,0)X2(P) 
, (( - p)s+1 (r - ro -I~ - ~o' '1 - '1ol)(P)S 

On suppG we have I( - PI 2: ClPI, 1p,012: Clp,I, and Ip, - p,ol 2: Clp,1 so 

(3.42) IGI ::; p = C Iy(ro -I~o' '1ol)lx(p, - P,0)X2(P) . 
(p)n/2-B(r - ro -I~ - ~o' '1 - '101) 

Choosing the map T as in (3.31), we note that detdT > C > 0 since 
-'101/1~0' '101 > C> 0 and '11 - '101 2: 0 on suppP. Hence, as in the proof 
of Lemma 3.28, we conclude that J p2 dP < 00 if e < !. Thus va2 XIjIEpw 
satisfies (3.37). The remaining terms in vXIjIEpw are either handled similarly 
or satisfy (3.37) trivially, so it follows finally that vEpw satisfies (3.37). 

To finish we must treat the second term in (3.38), C((Epw)l bQ ). With X 
and IjI as before, it suffices by finite propagation speed to consider 

(3.43) C((IjIEpw)l bQ ) = C((XIjIEpw)l bQ ) + C(((1 - X)IjIEpw)l bQ )· 

Now (3.39) implies that the second term is in HI~:-a+3/2 on a large neighbor-
hood of 0 in Q, so vC( (( 1-X) IjIEpw)l bQ ) satisfies (3.37). Since cone supp X(p,) 
C {r2 > 1'112} , the first term in the sum can be extended to Rn+1 as a solution 
simply by letting x take negative values in the integral formula (3.15). Call this 
extension U. By classical hyperbolic theory, since DIjIEpw E H S (Rn+l) and 
IjIEpw E Hs+ 1 (Rn+l) , it follows that (XIjIEpw)l bQ E Hs+ 1 (bQ) , and therefore 
U E HI~:I (Rn+I). This together with DU = 0 implies DIjIU E H:omp(Rn+l) , 
and thus 

(3.44) 

With (3.44) vljIU can be shown to satisfy (3.37) by the argument used above 
for vXIjIEpw, so this completes the proof of Lemma 3.36. 

3.3. Proof of Theorem 1.9(b). Here w as in 1.4(b) is used to define the Cauchy 
d · . (2) ~ itl~ .111 fA (J: ) ~ -itl~ .111 fA (J: ) ata 10 equatIOn 1. ,so Val = e I .. ,'1 , Va2 = e 2 - .. ' - '1 , 
V;I = eitlCllljl (-~ ,'1), and v;2 = e-itIClllj2(~ ,-'1). The appropriate analogues 
of Propositions 3.1 and 3.27 are obtained simply by replacing AI by A2 in the 
statements. The above arguments, with a few changes that we shall now point 
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out, also yield these new propositions. In what follows, by "Lemma 3.5' ," for 
example, we mean a close analogue of Lemma 3.5 in the context of Theorem 
1.9(b), and similarly for (3.7'), Remark 3.26', etc. 

The main difference is that where we had ellipsoids there are now hyper-
boloids instead. For example, in Lemma 3.5' let S = {C: Ie I ;:::: M, I C - 'I Cli ::; 
eICI I/ P}, where now we choose as a typical point to focus on, ,= 2(1, WI) -

(1, ( 2 ) = (1, 1/V2, 3/V2, 0) E B W \ ,-W2. Instead of (3.6) we must estimate 

(3.6') f ,B(r -I~ -~o' 1J -1J0 1 + I~o' 1Jol)il (~-~o' 1J -1Jo)i2( -~o' -1Jo) d~o d1Jo' 

The reader can easily verify that, corresponding to this choice of " 3.7' and 
3.8' should be 

(3.7') 
A = U {(~o' 1Jo): I~ ,1JI/V5 + JI~ ,1JI I / P + e' = I~ - ~o' 1J - 1Jol-l~o' 1Jol} , 

le/l~ol 

, ~ I/p 
(3.8 ) B = {(~o' 1Jo): I(~o ' 1Jo) + I~ , 1Jlw2/v 51 ::; el~ ,1J1 }. 
Note that A is a union of confocal half-hyperboloids with foci at 0, (~ ,1J) . 

In the proof of Lemma 3.14' , cone supp h (r , 1J) is concentrated near a point 

li E C 2' So again cone supp h c {r2 > 11J12} , as required in formula (3.15). 
In Remark 3.26' it should be noted that the rayon B W \ ,-W2 and the rayon 

• 0 

B W \ '-Wz (w; as before) which project to {tli: t > O} for a fixed li E C 2 now 
lie outside r2 = I~, 1J12. Again, the ray associated to the incoming-incoming 
interaction (the one on BW \ ,-W2) is closer to i = I~ ,1J1 2 . 

In the proof of Lemma 3.28' , (3.30') should be 

(3.30') Cly(r - ro -I~ - ~o' 1J -1Jol),y(ro + I~o' 1Jol)lx l (C - P)X2(P) 
(P) n/2-e ' 

where now X I ,X2 are supported near (1, WI)' -( 1 , ( 2), respectively. Here 
one changes variables using (T') -I ,where T': (r 0 ' 1JOI ) ---> (r, ifl ) is the map 

(3.31') r = ro + I~o' 1Jol ' if l = r - ro -I~ - ~o' 1J - 1Jol ' 
after noting that 
(3.32' ) 

d ' 1J I - 1Jo l 1JOI ' det( T) = I~ _ ~ _ I + I~ I ;:::: C > 0 on the support of (3.30 ) , 
o ' 1J 1Jo 0 ' 1Jo 

The arguments in the proof of Lemma 3.36 all go through with the obvious 
small changes to give Lemma 3.36' . For example, y(ro -I~o' 1Jol) in (3.41) and 
(3.42) should be replaced by y(ro + I~o' 1Jol) in (3.41' ) and (3.42'). 

4. SELF-SPREADING AT THE BOUNDARY 

In this section we prove Theorem 1.9(c). Here w as in (1.4)(c) is used 
to define the Cauchy data in (1.2), so in the notation of the introduction, 



310 MARK WILLIAMS 

v';; =eitIClJlg(~'17), v;2 =e-itIClJlg(_~, -17)' V;I =eitl';'lJlg(_~'17), V;2 = 
e-itl';'lJlg(~, _ 17). The fir~_step in the analysis of R{Jv2 is to get an appro-
priate lower bound for {Jva 1 va2 on a subconic neighborhood of each point in 
B W • As in the proof of Theorem 1. 9(b), this involves estimating the volume of 
a solid obtained by intersecting a family of confocal hyperboloids with a sub-
conic region as in (l. 3) ( c) (recall (3.7' ) and (3.8' )). In the present case this is 
slightly more difficult because, for example when n = 2 , each hyperbola in the 
family has an asymptote that is either parallel or nearly parallel to the axis of 
the subconic region (see Figure 3a), and this makes it easier for the hyperbolas 
to miss the region. But the main new difficulty arises in the analysis of the re-
mainder R {J (u 2 - V 2). Changes of variables such as those used in the two cases 
of crossing ((3.31) and (3.31')) cannot be used to estimate antipodal products, 
because I det dT-11 turns out to blow up. This problem is dealt with in the 
proofs of Lemmas 4.21 and 4.38. 
4.1. The singularities of R{Jv2 . 

Proposition 4.1. Fix e > 0 arbitrarily small. Then if p in (1.3) is taken close 
enough to 1, R{Jv2 ~ H2s-n/2+2+e(J..) for all J.. E A3 . 

The proposition will follow easily once we show 

o 
has singularities as above on A3 . We shall fix Ji = ('1'2/3, v'f73 ,0) E C 3 and 

o 
find such singularities on y + (0, Ji) . The argument is the same for other J1 E C 3 . 

BW is the plane r = ~ , so , = ('1'2/3, '1'2/3 ' v'f73 ' 0) E BW and 71:, = Ji . 
If H (() is the characteristic function of a small conic neighborhood of , , then 
since P;;;:v;; is rapidly decreasing outside BW [2, Corollary 1.6], the proof 
of Lemma 3.3 shows that WF[C((E{Jvalva2)lbn) - C(Ul bn )] n y+(O, Ji) = 0, 

~ 2 2 - ~ where U = (H(()/(r -I~, 171 )){Jva1 va2 · So we proceed to study Ul bn · 
For any W E Sn-I, p > 1, and a > 0, we will denote by Gp(w, a) the 

subconic set 

(4.2) 

Lemma 4.3. There exist constants e, N such that on S = {(: I (I 2:: N, 
I( - '1(11 :S el(l2-P } we have p;;;:v;;(() 2:: C(O -(2s+I+O(p-l)) . 

Proof. Choose an a < 1 as in (4.2). It suffices to prove the estimate for 
( E S' = {(: I(~, 17) - ('1'2/3, v'f73, O)I~, 1711 :S el~, 171 2- P , Ir - J2/31~, 1711 :S 
el~ , 171 2- p , I~, 1712:: N}. (Note that 2 - p < 1/ p.) We must estimate 
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So fix , = (r,~, Yf) E S', choose J and C such that jj(a) ~ C for lal ~ J, 
and define 

(4.5) A = U {(~o' 110): r + e' = I~ - ~o' 11-1101-1~0' 110lL 
Ie' 1:":=0 

a union of confocal half-hyperboloids with foci at 0, (~, 11). Noting that 
Gp(-w,a) contains {(~0,110): 11101 ~ C11~011/P, ~o < -C2 } for some C1, C2 

and letting 1M denote the interval [(-M - 1)1~, ll1 P , - MI~, ll1 P] for some 
large M to be chosen, we define 

(4.6) 

For fixed M and N sufficiently large, and e sufficiently small ( e, N as in the 
definition of S'), the next lemma shows 

(4.7) vol(A n B) ~ C(~, l1)n-l+O(p-l) for a C independent of, E S'. 

The proof can be completed using (4.7) as follows. First we note that for 
(~o' Yfo) E B and (~, 11) as above, (~- ~o' 11 - 110) E Gp(w, 1). To see this, set 
E = (~ , 11), Eo = (~o ,110) and write 
(4.8) 

I

E - Eo ~ I I Eo - E Eo I I Eo Eo I I Eo ~ I 
IE - Eol - w ~ IE - Eol - IE - Eol + IE - Eol - IEol + IEol - (-w) 

=I+II+III. 

Now III ~ al~o ' 11011/ p-l , and since I~ - ~o ' 11- 1101 ~ I~o ' 1101 , I and II are each 
~ CI~ , 111/1~0' 1101· Since I~, 111 ~ c(1~0' 1101/M)I/P , the assertion follows if M 

is large enough. So using (1.3)(c) and (4.7) we get for' E S', 

- 1 d~odll0 fJv v > C 
al a2 - AnB (~- ~o' 11- 110)s+n/2+0(p-l)(~0' 110)s+n/2+0(p-l) 

( J: )n-l+O(p-l) >c <",11 
- (~ , 11) (2s+n+0(p-l))p , 

( 4.9) 

from which the lemma follows. 

Lemma 4.10. With A and B as in (4.7), vol(A n B) ~ C(~, l1)n-l+O(p-l) for 
a C independent of , E S' . 
Proof. For convenience we suppose that C1 = 1 in (4.6). We shall first consider 
the case n = 2 and then explain the changes needed when n > 2 . 

n = 2. To each, E S' , le'l ~ J ,one can associate a half-hyperbola with foci 
at 0, (~, 11) as in (4.5). The starting point of the proof is the observation that 
since (" E BW , each such hyperbola has one asymptote parallel or nearly parallel 
to w = (1 ,0) (Figure 3a). Let the positive x-axis be as drawn in Figure 3a. If 
r denotes distance from this axis, then the hyperbola associated to r + e' , ~ , 11 
consists of points satisfying x 2 / a2 - r2 / b2 = 1 , where 2a = r + e' and, with 
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2c = I<! , 171, b = J C2 - a2 . Referring to Figure 3a and using the definition of 

S', we obtain that Itan¢ -If I ~ el<!, 171 1- P and that tan¢' = b/a satisfies 

Ib/a -If I ~ el<! ,17I I- P • Hence the nearly horizontal asymptote has slope m 
satisfying Iml ~ eol<! ,17I I - P , with eo independent of , E S', le'l ~ J. As S' 
shrinks, eo can be taken smaller. 

Next set D = An {(<!o ' 170): <!o ElM}' We will show DeB by considering 
asymptotes first. Let <!o(t) = -(M + t)l<! ,17I P , t E [0,1]. Referring to Figure 
3b we see that 
(4.11 ) 

u = (M + t)I/PI<!, 171, while v + w = -1 ± eol<!, 171 1- P [(M + t)I<!, 17I P +~] 

= /fl<! ;,171 ± el<! , 171· 

no no 

/ 

/ (I;. n) 
I .(: 

~o ~o ~o(t) 

x 

/ 
(a) (b) 

FIGURE 3 

Thus each asymptote stays in B over 1M , If I<! ,171 is large, the same is true 
for the corresponding hyperbola, hence DeB. So to complete the proof it 
will suffice to show voID 2: C(<!, 17)I+O(P-I) . For this we need: 

Let r be a small conic neighborhood of ",. To each (i. <! . 17) E 
r associate a hyperbola as above and let r(x) be as in Figure 
3a. Denote by M(x) the magnitude of the change in r(x) as 

(4.12) i increases to i+J. Then: (a) There exist constants C 1 ' C2 ' 

K such that for x 2: I<! .171/2 > K we have C1Jx/a ~ Llr(x) ~ 
C2Jx/ a , where a = i /2. Moreover, the same C 1 and C2 

work for all 'E r with I<!, 171 > 2K. (b) The same is true if J 
is replaced by I<!. 17l e , where e < 1 . 

Assuming this for a moment we have, for some MI ' M 2 , 

( 4.13) 

vol D 2: C 1 ~ dx = -JI<! . 171 2P 2: C (<! . 17)2p-I = C (<! . 17) I+O(p-l) lM21~ .'11" ~ C 

MII~.'1I" a a 
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since a ~ I~ , '11. 
To prove (4.12) we note that as a increases to a = a + ~/2, b decreases to 

b satisfying a2 + b2 = a2 + b2 (= c2 , where 2c = I~ ,'11 ). Thus there exist KI ' 
K2 > 0 independent of , as in (4.12)(a) such that b - KI~ < b < b - K2~' 

Since M(x) = (bx/a)Vl - a2/x2 - (bx/a)Vl - a2/x2 , one can replace b by 
b - K 2~ to get the lower bound and by b - K 1 ~ to get the upper bound. 
a = J2/31~ ,'11/2 ± el~ , '11 , so there is no problem with the square root. The 
same argument gives (4.12)(b), which will be needed later. This completes the 
proof of Lemma 4.10 when n = 2 . 

n > 2. To each , E S', le'l ::; ~ we now associate a half-hyperboloid 
as in (4.5). Let the x-axis be as shown in Figure 3a, and in the (n - 1)-
dimensional space orthogonal to it, introduce spherical coordinates (r, e) , 
where e = (e l , ... ,en- 2 ). With a, b as before, the hyperboloid satis-
fies x 2/a2 - r2/b2 = 1. Letting P(~,'1) denote the plane determined by 
the ~o-axis and (~, '1), we note that the intersection of P(~, '1) with the 
asymptote r = bx/a, x > 0 (a cone) consists of two rays, one of which, 
by a previous argument, is parallel or nearly parallel to the ~o-axis. Choose 
J M CC 1M of length ell~, '1I P, also centered at (-M - ~ )I~ , '1I P , and set 
D = A n {(~o ' '10): ~o E J M} n P(~ ,'1). Then DeB by an argument in 
the case n = 2, and all points in D have the same e-coordinate e. Next 
set Sx = {e: lei - eil < e2x l - P} and for each (~, rt) E D define E(~, rt) = 
{(~o' '10): r(~o' '10) = r(~, rt), x(~o' '10) = x(~, rt), e(~o' '10) E SX(~,/f)}' Finally 
let F = U(~ ,/f)ED E(~, rt). Clearly F c A, and since DeB it follows easily 
that if e l and e2 are small enough, FeB. Letting S~ be the subset of Sn-2 
corresponding to Sx and using (4.12) (a), we have for some M 1 , M 2 , 

lM21~ ,Ill" [r(x) 1 2 
vol(A n B) :2: vol F :2: r n- dS dr dx , 

M,I~ ,Ill" r(x)-C,t5x/a s: 
(4.14 ) 

Since Is: dS = XO(p-l) and a ~ I~, '11, integration gives 

volF:2: C(~, '1)n-I+O(p-I). 

By the argument of Lemma 3.10, Lemma 4.3 implies 

Lemma 4.15. There exist constants e, M such that for 11 satisfying 1111 :2: M, 
111- Jilllil ::; e11l1 2- p we have Ul;n::; _C(Il)-(2s+2+0(P-I)). 

The minus sign is there because ,2 - I~ , '112 < 0 on supp H. By the proof 
of Lemma 3.14, Lemma 4.15 implies 

Lemma 4.16. Fix e > O. If P is chosen close enough to I, then for all A E 
y+(O,jl), C((EPvalva2)lbn) tt H2s-n/2+2+e(A). 

Next consider C((EPvalvb2)lbn)' We know that ~ fails to be rapidly 
decreasing on the wedge determined by (I, 1 ,0) and (-1, 1 ,0), and so in 
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particular on a subconic neighborhood 0 of (0,1,0). Since nO is all of 
(r , '1 )-space, there is a possibility of complete cancellation of singularities in 
C((Ej3valva2)lbn) - C((Ej3valvb2)lbn) which must be ruled out to prove Propo-
sition 4.1. 

Lemma 4.17. Let H(O be the characteristic function of a small conic neigh-
~ ~ 2 2-

borhood of (0,1,0) and set V = (H(O/(r -I~, '11 ))j3va1 Vb2 . Then for any 
J.1. E {r2 > 1'112} such that J.1. -1= ±t( 1 ,0), t> 0 we have 

WF[C(( Ej3val V b2 )l bn ) - C(Vl bn )] n y +(0, J.1.) = 0. 
Proof. The proof is essentially the same as that of Lemma 3.3. 

Lemma 4.18. Fix e > O. If P is chosen close enough to 1, then for all A E A3 ' 
C((Ej3val va2 )lbn ) - C((Ej3val vb2 )l bn ) tf. H2s-n/2+2H(A). 
Proof. Restricting attention to A E Y + (0, Ji) again, we note that in view of 
Lemma 4.17 and the proof of Lemma 4.16, it suffices to show that there exist 
constants e, M such that for 1J.1.1 ~ M, 1J.1. - tllJ.1.11 :S elJ.1.1 2- p we have 

( 4.19) VI - VI < -C( )-(2s+2+0(P-I)) 
bn bn - J.1. . 

Using Lemma 4.15 and the fact that P;;;v;; is rapidly decreasing outside BW , 

one obtains this estimate by arguing just as in the proof of Lemma 3.18. The 
key p~int (see Remark 3.26) is that supp H lies closer to r2 = I~, '112 than 
suppH does. 

The comments in the paragraph following Remark 3.26 apply here also, so 
this concludes the proof of Proposition 4.1. 

4.2. The remainder Rj3(u2 - v 2). Theorem 1.9(c) follows immediately from 
Proposition 4.1 and the following proposition. Here we set ji = n( 1 , w) = 
(1 ,0) . 

Proposition 4.20. In the case of Theorem 1. 9( c) , 

Rj3(u2 _ v 2) E H2s-n/2+2H(A) 

for all e < 1- ?s (n/(n + ¥)), for all A E A3 \ {y +(0, ji) U Y +(0, - ji)}. 

Recall that we must consider Rj3(Rj3u2)2 and Rj3(vRj3u2). The results of 
§2 and the following lemma will allow us to handle the first term. 

Lemma 4.21. If tl E Rn \ 0 lies outside a conic neighborhood of {ji, - ji} , then 
for a = (t ,y ,fl) E T* bO \ 0, v 2 E jj2S-n/2H(a) for all e < ~ - n/4(n + 2). If 

A = (z, 0 E T*Q. \ 0 is such that n( = tl or n( = 0, then v 2 E H2s-n/2H(A) 
for such e. 
Proof. It will suffice to consider Val va2 and v a2 vb 1 ' since the remaining terms 
either can be treated similarly or satisfy the conditions of the lemma trivially. 
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-V a2 V hI' Since PVa2 V h I is rapidly decreasing outside the wedge determined 
by (I , - I ,0) and (- I , - I ,0) , it is tempting to conclude that v a2 vb I satisfies 
the above conditions trivially. However, since rapid decrease fails on a subconic 
neighborhood 0 of (0 , -I ,0) and nO is all of (, , 11 )-space, there is something 
to prove. 

For any a(t) E C;;, aVbl = y(, -I¢ , 111)h] (C) and a"V;2 = y(, + I¢ ,111)h2(() 

for some y, y E Y and hI' h2 E H S (Rn+ I). Let X I' X 2 be characteristic 
functions of small conic neighborhoods of (I , - I ,0), -( I , I ,0) , respectively, 
and let X(/1) be the characteristic function of a small conic neighborhood of 
ll. It is clearly enough to examine (XI (D)avbl )(X2(D)ava2 ) , and for this we 
apply (2.8) to 
(422) G(" f3) = x(iJ.)(OZs-n/Z+eY(T - TO - Ic; - c;o, 1/ - 1/ol)y(To + Ic;o, 1/01)XI (' - f3)xz(f3) . 

• (, , (' - f3)5 (f3)5 

The required estimates can be shown to hold for all e < ~ by an argument 
almost identical to the proof of Lemma 3.28. The only difference is that here 
one changes variables using the map T- I , where T: ('0' ¢o) -+ Ci , ¢) is given 
by 

( 4.23) T = '0 + I¢o ' 1101 ' 
after noting that 

(4.24) d ) ¢ - ¢o ¢o ° G det( T = I¢ _ ¢ _ I + I¢ I < C < on supp . 
o ' 11 110 0 ' 110 

To prove the assertion of the lemma for .Ie = (z, () with n( = ° simply replace 
X(/1) by the characteristic function of a small conic neighborhood of (. 

val Va2 · With X2 as above but now taking X I to be the characteristic function 
of a small conic neighborhood of (I, I ,0), we need to consider 

(X I (D )av a I) (X2 (D )av a2)' 

The corresponding function G((, P) to which we shall apply (2.8) then has the 
same appearance as (4.22). It will be convenient to suppose that X2 has been 
multiplied by the characteristic function X;(¢o' 110) of a small conic neighbor-
hood of -w. Also we take X(/1) to be the characteristic function of a small 
conic neighborhood of II = (J2/3 , JT73 ' 0) , the argument being the same for 
other choices of ll. Note that we cannot use a change of variables such as (4.23) 
in this case, since I det dT- II blows up on supp G . 

Now II = n( where ( = (J2/3, J2/3 ' JT73 ' 0) E BW. Let A be a small 
conic neighborhood of (, B = AC , and XA ' XB the corresponding char-
acteristic functions. X B (() G satisfies the required estimates for any e since 
P;;;;;;;; is rapidly decreasing away from B W , so it remains to consider X A G . 
For (" ¢ , 11) E A and any small e' > ° define 
( 4.25) 

£' e' 
S = {(TO '¢O' 110): I, - '0 -I¢ - ¢O' 11 -11011::; I¢, 111 ,1'0 + I¢o' 11011::; I¢, 111 }. 



316 MARK WILLIAMS 

Since the required estimates obviously hold if either inequality in (4.25) is 
reversed, we can reduce to considering 

1 2 IxAGI dP 
snSUPPX2 

( )
2 

(~ ) 2s-n/2+e 
:::;CXA r ,rJ 2s li(ro+l~o,rJol)ldrod~odrJo' 

} snsupp X2 (~o ' rJo) 

( 4.26) 

where we have used I' - PI ~ ClPI ~ CI~o ,rJol on supp G. Let 
, e' 

S = {(~o' rJo): Ir - I~ - ~o' rJ - rJol + I~o' rJoll :::; 21~ ,rJl }. 

Setting r = ro + I~o ,rJol and integrating in r, we obtain that the right side of 
(4.26) is :::; 

( 4.27) 

where 
" M DI = S n supp X2(~0' rJo) n {I~o ,rJol ~ I~ ,rJl }, 
" M D2 = S n supp X2(~0' rJo) n {I~o' rJol :::; I~ ,rJl }, 

( 4.28) 

for some M> 1 to be chosen. For F restricted to DI we have 

(4.29) F __ C(~ ,rJ)2s-n/2+e < C(~ ,rJ)2s-n/2+e 
(~o ,rJo)n/2+o (~o ,rJo)2S-n/2-o - (~o' rJo)n/2+o (~ ,rJ)(2s-n/2-o)M 

for any small rJ> O. Thus FID, satisfies the conditions of (2.8) provided 

(4.30) 2s-n/2+e:::; (2s-n/2-rJ)M, that is, e:::; -rJ+(2s-n/2-rJ)(M -1). 

Next we consider the integral on D2 . Note first that S' = UI"I::;2{(~o , 170): r + 
al~ ,17( = I~ - ~o ' rJ -1701-1~0 ' 1701} , a union of confocal half-hyperboloids with 
foci at 0, (~, 17). Since (r, ~ , 17) E A , a small conic neighborhood of "' E BW , 

all points in S' n supp X~(~o , 170) must satisfy I~o' 1701 ~ NI~ ,171 for an N that 
can be taken larger as A shrinks. (By an argument in the proof of Lemma 
4.10 we know, for example when n = 2, that each hyperbola has one nearly 
horizontal asymptote.) This implies 

(4.31) (a) XAJD21F12d~od170:::;Cvol(D2)/(~,rJ)n-2e and 

(b) vol(D2) :::; vol(S' n {(~o' 170): NI~ ,rJl :::; I~o' 1701 :::; I~ ,171 M , ~o < O}) . 
With 2a = rand b = J c2 - a2 , where 2c = I~, 171, the half-hyperboloid 
r = I~ - c;o ' 17 - 1701 - I~o , 1701 satisfies x 2 / a2 - ,2/ b2 = 1 in the coordinates 
introduced in the proof of Lemma 4.10 (see Figure 3a). Thus, using (4.31)(b) 
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and (4.12)(b) (which applies equally well to hyperboloids), we have for some 
Cn' N1, N2, C independent of (T.C;.'1)EA and with Llr(x)=C!C;.'1(x/a: 

( 4.32) jN'I~ .'IIM fr(X)+M(X) n-2 vol(D2) ::; Cn r dr dx . 
NII~ .'11 r(x)-M(x) 

where r(x) = (bx/a)Jl - a2/x2 ::; C' x for a C' independent of (T • C; • '1) EA. 
Since a ~ Ic; . '11 the right side of (4.32) is 

( 4.33) jN'I~ .'11" I): lei I 

::; Cn x n- 2 ... '1 x dx ::; C~Ic; . '1l nM- 1+e . 
NIIC'I1 a 

With (4.31) this gives 

(4.34) XA ( 1F12 dC;od'1o::; c(c;(~'1)n~=~:el = C(C; .1])-(n+1-nM-e' -2e). 
iD, .1] 

So to apply (2.8) we need 

(4.35) e ::; (n + 1 - nM - e')/2. 

To get the largest e satisfying both (4.30) and (4.35) for all s> (n + 2)/2, one 
should take M = (n + i)/(n + 2). Then any fixed e < 1- n/4(n + 2) satisfies 
both (4.30) and (4.35) provided c5 and e' are taken small enough, as we are 
free to do. 

Lemma 4.36. v 2 can be replaced by u2 in the statement of Lemma 4.21. 
Proof. This follows from an argument almost exactly like that used to establish 
(3.34) in the proof of Lemma 3.33. The only difference is that here one must 
make full use of Theorems 2.6 and 2.7, instead of using just the results on 
propagation near hyperbolic points. 

Lemma 4.37. In the case of Theorem 1.9(c). Rf3(Rf3i)2 E H 2s- n/2+2+e(A) for 
all e < 1- n/4(n + 2). for all A E A3 \ {y+(O . .u) u y+(O. -.u)}. where .u = 
1l(l.w) = (1.0). 
Proof. This follows from the proof of Lemma 3.33, with (3.34) replaced by (a 
special case of) Lemma 4.36. 

Lemma 4.38. In the case of Theorem 1.9(c). Rf3(vRf3u2) E H2s-n/2+2+e(A) for 
all e < t - fs (n / (n + ¥)) . for all A E A3 \ {y + (0 • .u) u y + (0. -.u)}. where 
.u = (1 .0) . 

Proof. With (J = (0. fi) , where Ji = 1lC, C = (-/2/3. -/2/3 . JI73 .0) E BW , it 
suffices in view of Theorem 2.6 to show 
( 4.39) 

vRf3u2 E H 2s- n/2+ l+e (y _ ((J) U Y + ((J)) n jjO .2s-n/2+1+e ((J) for e as above. 

the proof being the same for other (J. The preliminary reductions and extension 
argument are almost identical to those in the proof of Lemma 3.36. Now, of 
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course, AI (f1.), A2(f1.) E SO are chosen == 1 and with conic support near 11, 
-11 , respectively. Again we reduce to considering vRP AI u2 , where AI = ¢A I ¢ 
for appropriate ¢, ¢ E C;'(QT)' Note that Lemma 4.36 now plays the role of 
Remark 3.35 in that reduction argument. Again RPAI u2 can be written 

( 4.40) 

where w is an extension of AI u2 defined as before. With X(f1.) E SO chosen 
as in the proof of Lemma 3.36 (== 1 and with conic support near 11) and 
lfJ(z) E C;'(Rn+ l ) such that IfJ == 1 on a large neighborhood &' 30, we reduce 
as before to considering vX(D')IfJEpw and vC((XIfJEpw)l bQ ) , where 

s+1 - 2 n+1 (4.41) (T,¢,11) (T-I¢,11I)IfJEPWEL (R ). 

First we examine va2 X(D')IfJEpw. Choose X/O E So, i = 1,2,3, such 
that L:Xi = X(f1.) , with XI' X2 == I and having conic support near (1,1,0), 
(1, - 1,0) respectively. Let Xa2 (O be the characteristic function of a small 
conic neighborhood of -(1,1,0) and 8(f1.) the characteristic function 
of a small conic neighborhood of Ji. We proceed to consider the terms 
Va2 Xi (D)IfJEpw in turn. 

Va2Xl lfJEpw can be handled much as val va2 was in the proof of Lemma 
4.21. It is enough to estimate (Xa2(D)a(l)va2 )(X I (D)IfJEpw) for a E C;, , and 
this leads us, using (4.41), to apply (2.8) to 

(4.42) G(( P) = 8(f1.)(02s-n/2+IH Y(To + I¢o' 11ol)x l (( - P)Xa2 (P) 
, (( - p)s+1 (T - TO - I¢ - ¢o' 11 - 11ol)(P)S ' 

where Y E .9'. Let A be a small conic neighborhood of "" B = AC , and XA ' 

XB the corresponding characteristic functions. Observe that if IT - To - I~ -
e', , 

¢0,11 - 11011 2: I¢ ,111 for some e > 0, then since I( - PI 2: ClPI 2: C 1(1 and 
(0 ~ (¢, 11) on suPPXA(OG, 

(4.43) Ix GI < ClY(TO +I¢o,11ol)l EL2(Rn+l) aslongase<e'. 
A - (J! ) n/2-e+e' 

"0 ' 110 
This allows us to treat XAG by showing 

(4.44) sup! IxAGI 2 dP<oo, 
( snsupp Xli' 

where S is defined as in (4.25). Arguing exactly as in the proof of Lemma 4.21, 
we find that e must satisfy the following conditions in order for (4.44) to hold: 

(4.45) (a) e::::: -6 + (2s + 1 - n/2 - 6)(M - 1) (corresponding to 4.30), 
(b) e::::: (n + 1 - nM - e')/2 (as in 4.35), 
(c) e < e' (from 4.43). 

Here 6 can be as small as desired and M > 1 remains to be chosen. To 
get the largest e satisfying (4.45) for all s > (n + 2)/2, one should take 



SPREADING OF SINGULARITIES AT THE BOUNDARY 319 

M = (in + 130)/(in + 3). Then for any e < t - 125 (n/(n + 1f)) there exist 
e' > e such that (4.45) holds, provided l5 is taken small enough. 

Next consider XBG, which has (-support away from BW if cone supp O(.u) 
is small enough, as we are free to arrange. The following result of M. Beals [2, 
Lemma 1.5(iii)] is useful here. (It is, we should note, the key estimate in the 
proof of the 3s-theorem.) 

( 4.46) 

Let K± be small conic neighborhoods of ±(1, w) , respec-
tively. Suppose nl2 < SI :::: S2 ' r, > s, + ~ and that u± have 
the properties 7r2WF u± C K± ' (OS' (r -Ic;, 111)r,-s,u+ E L2 , 
(OS2(r + Ic;, 11i)r2-s2 u_ E L2. Then if E is a small conic 
neighborhood of a point A ef- BW and XE the characteristic 
function of E , we have (Of XE(OU+U_ E L 2 for all t < 
min(sl + r2 - n12, S2 + rl - n12) , provided K± are sufficiently 
small. 

We now apply (4.46) with u+ = XI (D)IfIEpw , u_ = Xa2(D)a(t)va2' Note 
that we can take S2=S, r2 arbitrarily large, and by (4.41), SI =s+l, rl = 
S + 2. It follows that (()2S-n/2+ IH O(.u)xB(OQ_ E L 2 for all e < 1 provided 
cone supp XI' cone supp Xa2 are sufficiently small. (Alternatively, one can apply 
the proof of 4.46 to show that XBG satisfies the conditions of (2.8).) 

We turn now to Va2 X2(D)IfIEpw. The corresponding G(( ,P) looks just like 
(4.42) with X2 in place of XI' With (r - ro - Ic; - C;o ' 11 - 1101) -I playing the 
role of y(r - ro -Ic; - C;o' 11 - '101) (as in (4.22)), the argument used for va2 V bl 
in the proof of Lemma 4.21 shows that G satisfies the conditions of (2.8) for 

1 any e < 2"' 
It remains to consider va2X3(D)IfIEpw. Recall that IfIEpw E HHI(Rn+l) 

and that DIfIEpw E HS(Rn+I ). Since 7r2WF(Epw) ncharD is concentrated 
near {( 1 , 1 ,0) , (1 , - 1 ,O)} , it follows from microlocal ellipticity and the fact 
that X3 == 0 near these points that X31f1EPW E HH2(Rn+I). Thus we can take 

(4.47) G(( ,P) = O(.u)(.u)2S-n/2+IH y(ro + Ic;o' 110I)X3(( - P)Xa2 (P) 
(( _ P)H2(p)s 

Since I( - PI ~ CI(I and l.uol ~ CI.u1 on supp G (IPI ~ CI(I does not hold 
here), 

(4.48) IGI < Cly(ro + Ic;o' 1101)1 < Cly(ro + Ic;o' 1101)1 E L2(Rn+l) for e < 1. 
- (p)n/2+I-e - (c;o , '10)n/2+I-e 

This finishes the proof that va2 X(D')IfIEpw satisfies (4.39). Since the other 
terms in VXIfIEpw are either similar or satisfy (4.39) trivially, it remains only to 
examine VC((XIfIEpw)l bn ). Just as in the proof of Lemma 3.36, after extending 
C((XIfIEpw)lbn ) across x = 0 as a solution, the product with v can be shown 
to satisfy (4.39) by the argument used for VXIfIEpw. 
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Lemmas 4.37 and 4.38 together imply Proposition 4.20, so the proof of The-
orem 1.9(c) is complete. 

5. OPEN PROBLEMS 

5.1. Self-spreading of a gliding ray. It is interesting to consider what happens 
when the transversality hypothesis is removed in Problem A and Problem B. 
Let W = (~,If) = (0, I ,0) and suppose u E HI~C(nT) satisfies 

Du = Pf(u) , ulbQr E COO , 

WFbUlt<_" = {(t, - tw, r, rw): t < -J ,r E R \ O}, 
(5.2) 

where now {(t, - tw)} c {x = O}. Note that BW, the tangent plane to charD 
at ±(l,w), is {r = IJI} and hence nBw c {r2 :::; 11J12}, a set disjoint from 
the hyperbolic region. (When n = 2, nBw c {.z = 11J 21}.) In view of the role 
played by BW in §4, this suggests that anomalous singularities due to the self-
spreading of a gliding ray may be significantly weaker than in the transversal 
case, perhaps only of strength ~ 3s - n. (This observation is due to M. Reed.) 

5.2. Crossing of two gliding rays. Let WI = (0, I ,0), W 2 = (0, - 1,0) and in 
(5.2) replace the hypothesis on WFbu by 

(5.3) WFbUlt<_,, = U {(t, -twi,r,rwi):t<-J,r>O}. 
i=I,2 

Now nBWl ,W2 is a (2-dimensional) subset of {r2 ~ 11J12}, so considering the 
arguments of §3, one might expect anomalous singularities of strength ~ 2s -
nl2 to appear in x > O. However, Remark 3.36 and the proof of Lemma 
3.18 suggest, if gliding rays are thought of as limits of transversal rays, that 
cancellations could render these singularities significantly weaker. 

Note added in proof. The author has recently shown that in both of problems 
5.1 and 5.2, anomalous singularities of strength 2s - nl2 + 2 + e appear III 

x> O. 
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