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SPREADING OF SINGULARITIES AT THE BOUNDARY IN
SEMILINEAR HYPERBOLIC MIXED PROBLEMS II:
CROSSING AND SELF-SPREADING

MARK WILLIAMS

ABSTRACT. The creation of anomalous singularities in solutions to nonlinear
hyperbolic equations due to crossing or self-spreading in free space is by now
rather well understood. In this paper we study how anomalous singularities are
produced in mixed problems for semilinear wave equations Ou = f(«) on the
half-space RT' , W€ H} , s> (n+2)/2, due to crossing and self-spreading
at boundary points. Several phenomena appear in the problems considered
here which distinguish spreading at the boundary from spreading in free space:
(1) Anomalous singularities of strength ~ 2s — n/2 can arise when incoming
singularity-bearing rays cross or self-spread at a point on the boundary. A con-
sequence of this, announced in [14], is that the analogue of Beals’s 3s theorem
fails for reflection in second-order mixed problems. Although H" regular-
ity for r <~ 3s — n propagates along null bicharacteristics in free space, for
r >~ 2s — n/2 it does not in general reflect. (2) For nonlinear wave equations
in free space, anomalous singular support is never produced by the interaction
of fewer than three bicharacteristics, unless self-spreading occurs. However,
anomalous singularities can arise when a pair of rays cross at a boundary point.
(3) Suppose Ou = u?2 and u € C*™ on the boundary. For certain choices of ini-
tial data, anomalous singularities of strength ~ 2s — n/2 arise at the boundary
from three sources: interactions of incoming rays with incoming rays, incoming
rays with reflected rays, and reflected rays with reflected rays. Singularities pro-
duced by the incoming-reflected interactions differ in sign from and are strictly
weaker than the other two types, so some cancellations occur. As the incoming
rays approach being gliding rays, the difference in strength decreases and hence
the cancellations become increasingly significant.

1. INTRODUCTION AND STATEMENT OF RESULTS

This paper is a continuation of the study begun in [14] of how singularities
spread at the boundary in mixed problems for semilinear strictly hyperbolic
equations. Whereas [14] was mainly concerned with propagation of regularity,
here our goal is to determine the strength and location of anomalous singularities
and to analyze the role of the boundary in their creation. Together, these two
papers represent an attempt to determine to what extent results analogous to
those on spreading for second-order equations in free space (M. Beals [1, 2])
can be proved for boundary problems. We refer to the introduction of [14] for a
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brief survey of recent work on nonlinear propagation theory and for additional
references.

We shall focus here on two problems. For n > 2 let Ri ={(x,y): x>0},
and set Q = (—o0,00) xii, Q,=(-T.T) xﬁi, and bQ, =Q, . N{x =0}.
Consider a function u(¢,x,y) € HISOC(QT) , §>(n+2)/2, which satisfies

(1.1) Ou= (D} ~Au=Bt)f(4), ulyg €C°,

where B(t) € C;° has suppp C {|t| <}, § < T. With z = (¢,x,y) and
using { = (7,&,n) to denote the dual variables, we can now state:

Problem A (Crossing). Let I', = {(z,(¢).¢,)}, I, = {(z,(¢),{,)} be incoming
null bicharacteristics such that {z,(¢)}, {z,(¢)} strike bQ,. transversely when
t = 0 and cross there (i.e., z,(0) = z,(0) € bQ,, {, # £{,). Suppose that
WF u|,__s=T,|,._sUl,l,._s (Whereby I'|,__, wemean {(z,(¢),r{,): r>0,
t < —d}). Determine the location and strength of the anomalous singularities
that may arise.

Problem B (Self-Spreading). Let I', = {(z(¢), £{)} be incoming null bichar-
acteristics such that {z(f)} strikes b€, transversely when ¢ = 0. Suppose
that WFu|,__, =T |__s;UT_|__;. Determine the location and strength of
the anomalous singularities that may arise.

It is known that certain hypotheses on the nature of the incoming singularities
(e.g., conormality with respect to characteristic surfaces) can prevent or greatly
inhibit the appearance of anomalous singularities in mixed problems [4, 5, 10].
Papers [7 and 14] provide two constraints that apply regardless of the structure
of the incoming singularities. First, anomalous singularities in Problems A and
B can have strength at most ~ 2s — n/2 (see Theorem 2.7). Moreover, one
can use Theorem 1.7 of [14] to identify regions, depending only on {, and
¢, into which singularities cannot spread in Problem A (see Remark 1.10).
Our main result, Theorem 1.9, shows that for certain choices of B(¢), f(u),
and incoming singularities, the “worst” that could possibly happen, in view
of the above constraints, does happen. In Problem A singularities of strength
~ 25 — n/2 appear everywhere on that portion of the forward half light-cone
with vertex at z,(0) = z,(0) which is not ruled out; in Problem B singularities
of strength ~ 25 — n/2 appear everywhere on the forward half light-cone with
vertex at z(0).

The reader familiar with spreading in free space will notice in the above para-
graph two new phenomena due to the presence of the boundary. For second-
order strictly hyperbolic equations in free space, anomalous singular support
is never produced by the interaction of fewer than three bicharacteristics, un-
less self-spreading occurs [1, 2]. Furthermore, anomalous singularities (in such
problems) due to either crossing or self-spreading in free space can have strength
at most ~ 3s —n [2, 3]. The appearance of singularities of strength ~ 25 —n/2
in Problems A and B implies that the analogue of Beals’s 3s theorem does not
hold for reflection at the boundary in second-order mixed problems.
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FIGURE 1. The case n =2
We proceed to state the main results. Consider the mixed problem on Q..

Ou = ﬂuz, Upg, € c”,

(1.2)
Uie_r=wy, Ul __r=w,

where f € Cgo is chosen so that supp B C {|t| < d} for 6 < T, B >0, and
E (0) >0. w, and w, are taken to be the Cauchy data at ¢t = —T of a function
w(t,x,y)€H, (R™"), s> (n+2)/2, defined as follows.

For any @ € S"™' denote by f, (x,y) an element of H’(R") with the

properties, for p > 1:

(1.3) (a) WF f, ={(0,rw): r>0}.
(b) 0< f, (& m) < CE, ™2 where a(p) > 0,a(p) = O(p-1).
(Here (&, n) = (1+1¢,n)"?)

(©) (¢, n) &, nlew| < |&,n|' implies £, (&, n) > C'(g, gy~ /20D
Functions satisfying (1.3)(a)-(c) are constructed in [1].

Now take o, , w,, @ € S"~' equalto (1/v2,1/V2,0), (1/v2,-1/v2,0),
(1,0), respectively, and define f,, f,, & € H'(R") by taking w in (1.3) equal
to w,, w,, @, respectively. Using w™(¢,£,n) to denote the partial Fourier
transform, we shall consider three possibilities for w :

(1.4) (@) w(t,&,m) =" "f, &+ A& )],

(b) wt, &, m) ="M fi &, m+e” M=, —m),

() w(t.&,m) =g m+e T Mg(=¢, —m).
Note that Ow = 0 and that WFw in cases a, b, c is respectively equal to
(L5) (a) U, ,{t, —tw,,r,rw): teR, r>0},

(b) {(t, —tw,,r,rw):teR, r>0u{(t, —tw,, —r, —rw,): t €R,
r> 0}, .
(c) {(t, —tw,r,ro):teR, reR\0}.

Next we define the sets that will be seen to carry anomalous singularities.

First, for w € S"™" let K% be the rays through +(1, @) in R™NO0 ((z.&.n)-
space) and set (with notation borrowed from [2])
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(1.6) (a) B> =K® +K? (closure in R"*'\0),
(b) B~ =K7 +K”,
(c) B” = {tangent plane to char O at+ (1, ®)}.
Using 7 to denote the projection (7,¢,n) — (7,7n), we set

(17) @) €, =7B" " n{z* 2 |nl’} = =B” ",
(b) C, =B "> n{* >},
(c) Cy=mBn{* 2 n’} = {* > In*}.
Finally, for i = 1,2,3 we define

(1.8) A, ={A=(t,x,y,t,&,n):t>0, (t,x,y) € Q, and 4 lies on the
outgoing (i.e., dx/dt > 0) null bicharacteristic that passes over (0, (7, 7)), for

some (1,7) € C,}.

(Let =, be the projection (¢#,x,y,7,¢,n) — (t,x,y). Then in Figure 2
m, A, is the shaded region in each case.) If we set w,, w, in (1.2) equal to
W|,__7 x>00 Wl—_7 x>0 Tespectively, the existence of a solution u € HS(QT)
follows from a classical iteration argument provided 7 is small enough, as we
shall assume.

Theorem 1.9. Fix ¢ > 0 arbitrarily small.

(a) (Crossing) Define w,, w, in (1.2) using w as in (1.4)(a). Then if
p in (1.3)(c) is taken close enough to 1, the solution u € HS(QT) of (1.2)
has singularities of strength 2s — n/2 + 2 + ¢ throughout A,; thatis, u ¢
H¥ "2 forall A€ A, . (See Figure 2a.)

(b) (Crossing) The statement is the same as in part (a), except that w as in
(1.4)(b) is used, and A, is substituted for A, (Figure 2b).

(c) (Self-spreading) The statement is the same as in part (a), except that w
as in (1.4)(c) is used, and A, is substituted for A, (Figure 2c).
Remark 1.10. Note that in parts (a) and (b) of Theorem 1.9 the singularity-
bearing characteristics are the same in ¢ < 0, and the regions carrying anoma-
lous singularities are 2-dimensional sheets contained in the forward half light-
cone. Theorem 1.7 of [14] implies thatin ¢ >0, x>0 u is C* outside those

FIGURE 2. The case n = 2.
On the shaded portions u ¢ H>"/*%
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sheets. In (c) new singularities appear throughout the n-dimensional forward
half light-cone.

In (b) new singularities are also carried by a pair of forward gliding rays
(since sing supp u is closed), while in (c) they appear on all forward gliding
rays through the origin.

Outline of the proof of Theorem 1.9. Here we shall establish some notation, make
reductions that will be used throughout the paper, and point out why anomalous
singularities of strength ~ 2s — n/2 should be expected in the presence of a
boundary.

Following an idea like that used by Beals [1, 2] in free space, we first write

(1.11) u=v+Rpu
where v € H, (Q) satisfies (in Q)

(1.12) Ov=0, vg€C™, vl__r=wy, vl__r=w,

and R 1is the forward solution operator such that for any U € LIZOC(Q) sup-
ported in ¢t > —d, RU satisfies (in Q)

(1.13) ORU=U, RU|a=0, RU=0 int<-4.

Next rewrite u as u = v+Rﬂv2+Rﬂ (uz—vz) . The plan is to find singularities of
strength 2s —n/2+2+¢ in R ﬂvz on A, and then show that any singularities
of the remainder R/)’(u2 - vz) must be strictly weaker there, completing the
proof.

Singularities of R ﬁv2 . Notice that v is (mod C™) simply the restriction to

x>0 of the function in H,, c(R”“) , which we will also call v, given by

(1.14) vt En) =w (.8 ) —w(t, —&.m).

Henceforth we will write v = v, —v, where v, and v, , whose singularities lie
respectively on incoming and outgoing rays, are defined by (1.14). We begin to
see here an interesting feature of spreading at the boundary; namely, singular-
ities of Rﬁv2 (and hence anomalous singularities of ) can arise from three
kinds of interactions—incoming rays with incoming rays, incoming rays with
outgoing rays, and outgoing rays with outgoing rays. These interactions make
contributions not all with the same sign, so to detect singularities in R[fv2 it
must be shown that the cancellations are not complete. To make this precise,
we first write

(1.15) RBv* = (EBv®)|, — CUEBV)|,q) .

2
loc

where FE is the solution operator such that for U € L (R”“) supported in

t> -6, EU satisfies (in R"™")
(1.16) OEU=U, EU=0 int< -6,
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and C is such that, for V € HILC(bQ) supported in ¢ > —d, CV satisfies (in
Q)

(1.17) OCV =0, (CV)l,q=V, CV=0 int< -4,

For V € Hch(bQ) known only to satisfy sing supp V C {t > —d}, we shall

also denote by C an operator such that
(1.17") acyv =0, (CV)|,q=V. singsupp CV C {t> -4}.

The term (E ﬁvz )yso 1n (1.15) cannot possibly contribute anomalous singular
support to u, simply because

nzWszﬁcharE] =nm,WFvncharO(n,: (t,x,y,7,{,n) — (1.¢.,n))

in each of the three cases. For example, suppose w as in (1.4)(a) is used
to define v, and v,, and write v, = v, +V,,, V, = v, + U,,, where

= ei'l'f'nlfi(f'”)’ v, = e”'é"”fi(—é,n). Then one has 7[2WF'U§I = K

ai

n,WFv, v, C B®“? (which satisfies B“'"* NcharO = K}' UK"?), and sim-

al “a2
ilarly for the other terms in v?. When w as in (1.4)(b) is used, the argument
is essentially the same. The third case is more subtle, for then 7, WF v, and
n, WF v, are antipodal (similarly for v, ,, v,,). By a result of M. Beals [2,

Corollary 1.6], n, WFv_ v, C B? and n, WFv, v, C B~ . Since the other

al “a2
terms resemble those in the first two cases, this implies that again n, WF v?

contains no new characteristic directions. Thus in each case we have reduced to
considering C((E ﬂv2)| »q) - 1t should be noted that the same argument gives the
main reason why anomalous singularities of strength ~ 2s — n/2 never appear
in solutions to Ou = f(u) due to spreading in free space.

Since v* = (vj -v,v,) + (Uj —v,v,) we can reduce further, as will be clear
from the proofs of §§3 and 4, to considering

(1.18) C((Eﬂvf)lbg) = C((EBv,vy)lpq)-
Writing

2 2 2
(L.19) v, = v + 20,0, + ¥, VU = Vg Upy 0 Vpy F U505 +VpaVps s

we examine first

(1.20) C(EPv,1v,)lpq) — CUEBY, Vy))lpq)

supposing again that w as in (1.4)(a) is used to define v. We claim that each
term in (1.20) has singularities of strength ~ 25 —n/2 on A, .

To see why, begin by recalling that 7, WFBv, v, C B*"“*. In §3 we will
show that, in fact, pv, v, and therefore also Efv, v, have (microlocal)

2

singularities of strength ~ 2s — n/2 throughout B“'*“* over (¢,x,y) = 0.
Hence one expects (Efv,,v,,)|,q to have singularities of strength ~ 2s—n/2 on

C, = 2B” " over 0 € bQ. Since C, C {12 > |r7l2} , all of these singularities
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should be picked up and propagated by the operator C, leading to singularities
of strength ~ 2s—n/2 throughout A, . The second term in (1.20) also has such
singularities on A, by a similar argument (note that n,WFpv_v,, = B S
where w; = (-1/v2, —1/v2,0), and nB*" 2 also equals C, ), but we will
show that these are actually strictly weaker (Lemma 3.18).

C(EBv, v,,)lpq) — CUEBY,, v, )l,q) » DY the same analysis, contributes sin-
gularities of strength ~ 2s — n/2, and it is clear that these cannot cancel those
of (1.20) since the same term dominates in both cases. The analysis of Rﬂv2
in part (a) of Theorem 1.9 is concluded by observing that the remaining terms
in (1.19) clearly contribute nothing anomalous to C ((E,Bv2)| bQ) -

In §§3 and 4, using a well-known result on reflection of WF, , we replace the
technically inconvenient operator E in the above argument by multipliers like
H(t,&,n)/ (12 - (CZ + |n|2)) , where H is the characteristic function of a small

conic neighborhood of, for example, a point in B (see Lemma 3.3).

The analysis of R,sz in parts (b) and (c) of Theorem 1.9 follows the same
outline. For example, in part (c) we show first that fv, v , has singularities of
strength ~ 25 — n/2 throughout B®. B® projects onto the whole of (t,n)-
space, but the only singularities (in (Efv,,v,,)|,q) that C can propagate are
those at points (0, (t,#n)) with o > |'7|2. This explains why C, is chosen as
in (1.7)(c).

We wish to emphasize something already indicated in the discussion of (1.20).
In each of the three cases of Theorem 1.9:

(1.21) The anomalous singularities on a fixed ray in A, produced by interactions
of incoming rays with incoming rays (v,,v,), or by interactions of outgoing
rays with outgoing rays (v, ,v,), are stronger than those produced by incoming-
outgoing interactions (v,,v,) (see Remark 3.26).

The remainder Rﬂ(u2 - vz). By (1.11) we have that wt—v? = 2vRﬂu2 +
(R/)’uz)2 , SO we must consider two terms, RB(URBuZ) and R[)’(R,Buz)2 . Once
a careful estimate of the regularity of v? is obtained (Lemmas 3.28 and 4.21),
the second term can be handled using some of the H' " microlocal algebra
and propagation results of [14], but those results alone do not quite yield suf-
ficient regularity of Rﬂ(vRﬂuz) on A,;. In order to find the extra smoothness
needed, we extend certain microlocal pieces U, of Rﬂu2 across the boundary
as solutions of wave equations in free space (Lemmas 3.36 and 4.38). This

. . . St 0. 2 2 . .
allows us to improve estimates like (7,&,n)" ¢RBu” € L™ to estimates like
(t—1& ., n)(t.&, n)”l (AJ,. elL? , and with these the proof that R/i(u2 - vz) does
not cancel the singularities of Rﬂv2 can be completed. We remark that in the
extension argument, the fact that the incoming singularities lie on rays that meet
bQ transversely plays an important role.

The plan of the paper is as follows. In §2 we collect results from [14] (and
elsewhere) that are needed in the rest of the paper. In §3 parts (a) and (b) of
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Theorem 1.9 are proved, and in §4 we prove part (c). We refer to the intro-
ductory paragraph of §4 for some comments on the main technical differences
between these two sections. In §5 two open problems are described.

A brief outline of the argument in the case of part (a) of Theorem 1.9 was
included in the final section of [14].

Remark. In mixed problems for more general strictly hyperbolic equations Pu =
Bf(u), anomalous singularities of strength ~ 2s — n/2 should be expected to
arise by a process similar to that in the case Ou = Bu2 . For example, suppose
flu) = azu2 + a3u3 + e, u’bQ,- € C*, and that the initial data are as in
Theorem 1.9(a). Then u can be written u = v + RBf(v) + RB(f(u) — f(v)),
with v = v, —v,, v, = v, +v,,, v, = v, +v,, as before. Consider the
term a, RAv™ in RBf(v). v™ is a sum of terms like Cv) 'v*v, v, . Let
us write this as CW . If m; = my; =0 or my = m, = 0, CW contributes
nothing anomalous to RAv™ . In any other case W has singularities of strength
~ 2s — n/2 (in addition to other singularities which can be as weak as ~ 4s)

in (7,¢,n)-directions that project into C, C {12 > |n[2}. By the argument in

the case Ou = ﬂuz, these singularities give rise to anomalous singularities of
strength ~ 25 — n/2 in REW .

Acknowledgment. The influence of the work of Michael Beals on this paper is
obvious, even in the title. I wish to thank him especially for conversations in
which he suggested that anomalous singularities of strength ~ 25 — n/2 should
be expected in second-order mixed problems.

2. H""' ALGEBRA AND PROPAGATION THEOREMS

Here we collect for easy reference some information that will be needed in
883 and 4.

As beforelet z = (¢,x,y) e R, {=(r,&,n),and Q={(t,x,y): x>
0}. Sometimes we shall also set z' = (¢,y) and { = (7,n). With ({) =
(1+1¢H"*, H'"(R"™") is the space of tempered distributions % such that
a(¢) e L2 and ()¢5 e L*R™'). H"'(R™') is the corresponding

loc loc
local space, and HI'O'C' (Q) the space of restrictions to x > 0 of elements

of H' "I(R”“). Denote by 7"(Q) the set of properly supported tangential

loc

pseudodifferential operators ¢(z,D’): H! "l(Q) — H "’—m(Q) associated to

loc loc

symbols ¢(z,{’) of degree m. For u € H{o'c”°°(Q) we define WF”,u C
(T*HQ\0) U (T*Q\ 0) as follows. In T°Q \ 0, Wf‘,'ﬂu = WF,,,u, where
for any r € R, WF, is the usual measure of microlocal H' singularities. If
ceT'bQ\0, o ¢ 17171?1 U if and only if for some ¢(z ,D"Y e TO(Q) , elliptic
at o, one has ¢u € H." (Q). In this case we write u € H'* (). When ¢ =0

loc
instead of WF, ,, H'* we will usually write WF,, H".

t,0°
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Remark 2.1. In order to show that a given u € Hl’o‘c_°°(Q) satisfies u € H'" (g),
it is often easiest first to extend u to an element @# € Hl'o'c_°°(R"+') and
then to find an operator ¢(z,D’) € T*(R™™'), elliptic at &, such that ¢i1 €
1.t pn+l
H_ . (R7).
First we state a microlocal algebra result for interior points.

Lemma 2.2 (Rauch [11]). Forany A€ T*fz\o, if ue Hfo‘c(é)nHr(/l) and v €
HE(QNH' (), s, > (n+1)/2, then uv € H'(3) provided r < 5,+5,~(n+1)/2.

loc

Lemma 2.3 (Sablé-Tougeron [13]). The spaces HI'O’C"(Q) are algebras stable un-
der composition with smooth f(z u) if t>1, t+1¢ >(m+1)/2, t+2¢ > §.

This lemma and Peetre’s theorem yield by induction the simple

Corollary 2.4 [7, Proposition 2.15]. If u € H, (Q), s > (n+ 1)/2, satisfies

Ou=f(u) for f€C™, then ue H="*"*2Q) forall a> L.

loc

Thus WF , pu 1s defined for such solutions as long as ¢ < 2s + % . The next
result is an analogue of Rauch’s lemma at the boundary.

Lemma 2.5 ([14, Lemma 1.10]; also [13]). Suppose s', t satisfy (n+ 2)/2
<s<s <2s-(n+1)/2-a, 0<1 < a, where a € (L,s—(n+1)/2).
Then if u,v e H*" =" @) n H* " (0) for some o € T*bQ\ 0,

loc

v € HZS—(!,-—S+(1(Q) A I"_js’ ,t’(o_) )

loc

We proceed now to state the linear and nonlinear propagation theorems that
will be used in the analysis of the remainder Rﬁ(u2 - vz). First recall that
the elliptic, hyperbolic, and glancing regions (E, H, and G) of T 'bQ \O,
defined with respect to [, consist respectively of points (¢, y,7,n) such that
< Inlz, > |;7|2, = |77|2. The bicharacteristics of 12—|17|2 in G are called
gliding rays. Given o € H we shall denote by y_(o) (resp. y, (c)) the open

half-ray (a null bicharacteristic of [J) in 7"Q, with endpoint over ¢ , on which

dx/dt <0 (resp. dx/dt > 0). Even for the operator O on this simple domain,

it is convenient to describe propagation in terms of generalized bicharacteristics.
o

Near characteristic points in 7°Q\ 0 these are just null bicharacteristics of 0.
For 0 € H UG let us denote by I'(¢) the generalized bicharacteristic through
o. Thenif o € G, I'(¢) is the gliding ray through o. If 0 € H, I'(t) coincides
near ¢ with the continuous curve obtained by taking y_(o)U{c} Uy (o) and
identifying the points over bQ. (A precisely stated, general definition is given
in [9].)

The following linear propagation theorem is a special case of Theorem 1.3
of [14].



300 MARK WILLIAMS

Theorem 2.6. Suppose u € D'(Q) (the space of extendible distributions) satisfies
Ou = f in Q, where for some s' > 1, ' > -1, f € H, s Q) and u €

H™ 20 % ,9,0,6,00: x>0, E£0, (t,x,y) near bQ} Then every
point yo€ WF, , ,_u\(WF, ,fUWF, +w+1/2(u|bn) is either a characteristic

point ofD m T S?Z or else contained in HUG. If p.q satisfy 0< p<s +2,
p+q=s+t'+1 and Yo € WF u\(WF o SJUWE, ., (ul,q)), then an open
interval (-N ,N ) 5t —-TI() wzth ['(0) = y, on a generalized bicharacteristic
is contained in WF o a¥

An iterative argument combining Lemma 2.5 with Theorem 2.6 gives the
following nonlinear 2s theorem, a special case of Theorem 1.11 of [14].

Theorem 2.7. Let f(z,u) € C*, but if Imu # 0 assume f is analytic in u.
Suppose that u € HIOC(Q), s> (n+2)/2, satisfies Ou = f(z,u) in Q. Then
for p,q such that s < p, 0<qg<1/2, p+q<2s—(n+1)/2+1, every
point y, € Wffp'qu\ WF, (ulyq) is either a characteristic point of O in T*Q
or else contained in H U G. Moreover, an open interval (-N,N) >t — I'(t)
with T'(0) = y, on a generalized bicharacteristic is contained in WF | u

In the estimates to follow the next fact is often used (see [12]). Let 8 =
(7y,&,M,) be another symbol for the dual variables.

(2.8) If h({)= [G(.B)f(C—B)g(B)dB where f,g € L* and G can be
written as a sum of finitely many functions G, with sup, S |G,,|2 dp < oo or

sup, [ |G,|* d¢ < oo, then one has ||, < C||f|,lgl, -

3. CROSSING AT THE BOUNDARY

Most of this section is devoted to part (a) of Theorem 1.9. At the end we
shall explain the changes needed to prove part (b).

We will use the notation and reductions described in the introduction. In a
single proof the letter C may denote several different constants, and the same
applies to ¢ and M . Note also that in the rest of the paper we will represent
(t,n) by u instead of ¢ .

3.1. The singularities of Rﬂv2 .

Proposition 3.1. Let w be as in (1.4)(a), define v as in (1.14), and fix ¢ >0
arbitrarily small. Then if p in (1.3) is taken close enough to 1, R/?v2 has
singularities of strength 2s — n/2 + 2 + ¢ throughout A,; that is, R,sz ¢
HP ") forall 2€ A, .

The proof consists of several lemmas. As explained in the introduction, we
need only consider C ((E,Bv2)| »q) - In fact, it will be clear from the following
analysis that it is really enough to exhibit singularities as above in

(3.2) C((EBv,,v,,)ly0) — CUEBY,,,,)l,q) (recall (1.18)=(1.20)).
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The first lemma shows that for the purpose of detecting singularities of
C((EBv, v ,)lpq) on the outgoing ray over any fixed (0,%) € T°bQ\ 0 with

u € C,, E can be replaced by a simple multiplier. Without loss of generality
we take # = (1,0). A similar result holds, of course, for the second term in
(3.2).

Lemma 3.3. Let H(t,E,n) be the characteristic function of a small conic neigh-
borhood of (2,v2,0) = (1 w,)+(1,w,) € B*"**, and set

= (H()/(* ~ &) ))ﬂval 02

Then WFIC((Ev,, a2>|,,g> C(Ul,)IN7,(0.7) =
Proof Let V = EBv, v,,—C((EBv,v,,)|,q) and set I~/= U-C(U|,q) - Then
V — V satisfies, in Q,
(3.4) B B
oV -V)=(1-HD)Bv,v,, V-V)q=0, V-VeC” inr<-4.
Since m is rapidly decreasing outside B”''“? (and because of the location
of supp H ), we have WF(1 — H(D))Bv,v,,N(y_(0,7) Uy, (0,%) =< and
(1 - H(D))Bv, v, € H *(0,m). Hence, by classical results on reflection of
regularity (or Theorem 2.6), (3.4) implies WF(V - V)ny (0,7) = &, which
in turn implies the desired result.

So now we concentrate on measuring the singularities of C(U|,q). The first

——
step is to get a lower bound for fv, v , on a subconic neighborhood of each
point in B“ " We will do this for { =(v2/3,V1/3,0), the argument being
the same for other points on the wedge.
Lemma 3.5. There exist constants e, M. M such thaton S ={{=(t,&,n): || >
1C =TI < el¢1'?} we have B, u,(0) 2 €)™ H AT,

Proof . It suffices to show that the conclusion holds for { € S’ = {(7,&,n):
(& m) - (1,00 nll < ele.nl'”, Jt= V2, il < ele.nl'"”, 1. nl = M}. We
must estimate

(3.6) / Blr—1E =& n =gl — 1y nD A& =&y 11— 1) o o) dEy .

Fixa (7.&, n)eS So = V2|¢,n| +6|E, 11{'/” for some |J| <e¢. Recallmg

that ﬂ >0, ,B(O) > 0 we choose &', C such that B(a) > C for o] < ¢

Now define

3.7 A= | (& np): V2IE. nl+81E """ +6 = €& n— gl +1E, . mol}
le'|<d’

a union of confocal ellipsoids with foci at (,7n), 0. Noting that £, n|w,/ V2

(w, = (1/V2, = 1/¥/2,0)) lies on the ellipsoid v2|&,n| = ||&,n|(1,0) -

(éo , r]o)l + |éo ) '70’ , we define

(3.3) B ={(&.10): Gy M) — | mlew,/ V2 < ele )"’}
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For (§,.n,) € B and M large, it is easy to check that ({,,n,) ~ (£.n),
(€= & m = 1) ~ (€.m), 1&g M) = & Molew,| < Celéy mp)""? , and

€ =&y m—ng) = 1E =& 1 —nplov,| < Cele =&y n—nyl'"” .
So, using (1.3)(c) we get

fo.v,>C / FAE =&y 1= o) Fy(Ey o) dEy g

>C (f,ﬂ) 2(s+n/2+0(p—1)) dfodﬂo-
ANB

(3.9)

Since vol(ANB) > C(|€,n|"")"™" fora C independent of (7.&,n) €S’ the
result follows.

Next we derive a lower bound for (7|;Q on a subconic neighborhood of
1= (1,0). Note that sing supp U|,, = {0} .

Lemma 3.10. There exist constants &, M such that for p = (t,n) satisfying
lul > M, |u—(1,0)|u|| < elul"” we have Ul,q > Clu)~ #2001,

Proof. For { €S (as in Lemma 3.5), since H is supported near { we have

~_ H()

—(25+3+0(p—
(3.11) 0= _pu v, >C() ®How-b,
T —¢ 7l

We must estimate

H( T d
(3.12) / 2ﬁval !
Now S contains a set of the form S” = {(z, ) lu = (1,0)|u|l < £|,u|l/”
& — ul/V2| < elul'”, |ul > M}. Setting ai lul/\/_ + elul'’”

t=25s+2+0O(p— 1), we obtain that for M large and 4 as in the deﬁnmon
of S

— a, (@) —(t+1)
UazC [ w+e™
a—(u)

(3.13) A R A

>C —(t+1-1/p) [
(u) (u) e
> C(ﬂ)_(1+l_l/p).

The next lemma shows that the first term in (3.2) has singularities of the
desired strength on A, .

Lemma 3.14. Fix ¢ > 0. If p in (1.3) is chosen close enough to 1, then for all
AeA,, CUEBv, v, ) ¢ H> "7,

Proof. Without loss of generality we shall look near y (0,%), = (1,0). So
let (t,,%,,¥,,1, —1,0) € y,(0,7). Choose a(x) € C;°(R) with support

alva
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concentrated near x, such that |&(0)| > 0, and denote by p(7,¢,#) the char-
acteristic function of a small conic neighborhood of (1, —1,0). With U as
in (3.11) set h(t,n) = Ul,, and note that C(U|,,) is equal (mod C*°) to

(3.15)  C'(Ul,g) = (Zn)—"/exp(it‘c —ix\[7 = nl? + iy)h(z , n) dedn.

We claim that if p is chosen close enough to 1,
25—nj2+2+e — 2, pn+l
(3.16) (t.€&.m) p(t.¢.mMaC(Ulg) ¢ L°(R).

. TN L A~ 2 2
To see this, observe that by (3.15), aC'(U|,q,) = a(& + /1" —[n[")h(T . 7).
Hence, if (3.16) were not true, that would imply

(317) (T,I’])zs_n/2+2+6h(‘[,ﬂ) c L2(Rn) ’

but (3.17) does not hold if p is close enough to 1, by Lemma 3.10. Since
WF C'(U| »q) 1s concentrated near y, (0, %), the desired conclusion now fol-
lows from (3.16) and Lemma 3.3.

Lemma 3.18. Fix ¢ > 0. If p in (1.3) is chosen close enough to 1, then for all
AEN, CUEBY,U,)lp0) — CUEBY, v,)l,0) & HE 2702,

Proof. Again we focus on y (0,%), 7 = (1,0). Note that n,WF pv, v, =
B” “:  where w; = (-1/v2,-1/v2,0), and that (1,0,0) € B”" “ projects
to T. Let H( ) be the characteristic function of a small conic neighborhood
of (1, 0, 0) and set

H() ——
12 _ |é ' nlzﬂvalvbz'
In view of Lemma 3.3 and the proof of Lemma 3.14, it will suffice to show
that there exist constants ¢, M such that for 4 = (17,7n) satisfying |u| > M,

lu—(1,0)|ul| < elul'/” we have

(3.19) V=

(3.20) Ulyo = Vipg = Clp)” ® 1200~

We must compare
— H ~
621 Vo= [ oo b=yl )

L& =&y n = ng) [y (=&, mo) dEy dny dE
with (3.12). After the change of variables &= §-2¢,, E: —&,» (3.21) becomes
(relabeling &' =¢, & = &)

H@,8=2% Mo o o
/Tz—lé—Zéo»nlzﬂ(T 16 =01 = 1ol = 19 - o))

I E =& n = my) (& ) dE, dny dE .

(3.22)
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Let F(t,¢,n,¢,,n,) denote the integrand in (3.22), and note that

(3.23) | Fazyan < cxwhvg e,

where x 1is the characteristic function of a small conic neighborhood of .
Since m is rapidly decreasing outside B“''“?, it follows from (3.23)
that, with ' a small conic neighborhood of (v2/3,v1/3,0) € B“"** and
D(t,n) ={(,.ny.8): (v.&,n) €T},

(3.24) /Fdéodnodéz/l)( )Fdéodnodé+0((r,n)_°°).
T.n

Thus, it is enough to compare (3.12) wiih the integral over D(t,n) in (3.24).
Now given any ¢ > 0, if I' and supp H are small enough (as we are free to
arrange), then for (v, ,n) €T, (v,£-2¢,,n) € suppH, (t,n) large, we have

(3.25) (= -28. 1) <G+ —1E )
With Lemma 3.10 this implies the estimate (3.20).

Remark 3.26. The proof shows that the basic reason why the first term dom-
inates the second in (3.20) is simply this: the ray on B“''“? which projects
to {tz:t > 0} under (t,&,n) — (7,n) lies closer to 7= |§,11|2 than the
ray on B % with that projection. Of course, analogous statements hold with

2)—1

respect to other choices of z € C,. This is perhaps the easiest way to see
why incoming-incoming or outgoing-outgoing interactions dominate incoming-
outgoing interactions (recall (1.21)). Note that if the incoming rays are quite
close to being gliding rays, the singularities due to incoming-outgoing interac-
tions are nearly as strong as those due to incoming-incoming interactions.
Since C((EBv,,v,,)l,q) — C((EBv,,v,,)|,o) can be analyzed in the same

way, Lemma 3.18 implies that ’l/j —v,v, contributes singularities of strength

2s—n/2+2+¢ to R/h/2 on A, . Applying the same arguments to vg -v,v,
shows that it contributes singularities of the same strength and sign. So this
concludes the proof of Proposition 3.1.

3.2. The remainder R ,B(u2 - 112) . Proposition 3.1 and the following proposition
together imply Theorem 1.9(a).

Proposition 3.27. In the case of Theorem 1.9(a), R/?(u2 - 'uz) e H'(A) for all
1<2s-n/2+3, forall A€ A,.

Recall from the introduction that RB(u* —v?) = 2RB(vRBu*)+ RB(RBu*)* .
The second term can be handled using the results of §2 and the following lemma.
Here we let n(l,w,) =y, and n(l,w,) =u, (n(r,&,n)=(t,n)).

Lemma 3.28. Away from z =0 e R"™', WFv? = WFv. If L € R"\ 0 lies
outside a conic neighborhood of {u,,u,}, then for ¢ = (0, 1) € T°bQ\ 0,

vl e H¥ g forall e < i
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Note that Lemma 2.5 gives regularity only up to order 2s—(n+1)/2 for such
o . Actually, for ¢ = (0, %) with @ ¢ C, , it is easy to see that v~ € H'(g) for
all ¢, but we will not need this.

Proof. The first statement is clear since interaction occurs only at 0. The second
follows from [1, Lemma 5], but we give here a slightly simpler proof by a method
that will also be useful elsewhere.

Consider first v_ v . For any a(t) € C;°

al “a2*
av, = a(t— &, ) fi(& ) =y~ €. n)h(z. & )

for some y € ¥, h, € H'(R"""). Similarly, av, = y(t — |&,n|)h, for some

h, € HY (R™"). Let X,» X, be characteristic functions of small conic neigh-
borhoods of (1,w,), (1,w,), respectively, and let x(u) be the characteristic
function of a small conic neighborhood of 7. It is clearly enough to examine
(x,(D)av,,)(x,(D)av,,) . For this we shall apply (2.8) to

(3.29) G(¢.p) = KWADZ Ty (r — 7o = €~ &0 n — moDy(zo — Ko . oD~ Axa(B)

(€= B (B)S
On suppG [ - B> C|{| and |B| > C|{| so |G| < F =
(3.30) Clo(t =0 = 1€ =& = mol)7(z0 = &0 . o)1 (€ = B)x2(B)

By
Writing 1, = (1,, . 7,) , we define the map T': (1,,7,,) — (7.7,) by

(3.31) T=1y—1& . Ml o =1—1,-1&-&.n—n,l.

Note that

(3.32) det(dT) = —1 o Toi__ > >0 onsuppG.
<~ &N — '70' |§0 Mol

Hence,

/de/; - /(F 0 T“)2|demrr“mr?alﬁl d, dr,
<c / i n”;ﬁ' 47 i, dE, dif < oo

if € < 1. By (2.8) this finishes the case v 21Va2 - The case v ,v,, can be handled

by the same change of variables. The remaining terms constituting v? either
satisfy the conditions of the lemma trivially or can be handled as above.

Lemma 3.33. In the case of Theorem 1.9(a), R,B(R,Buz)2 € H'(A) forall t <
2s—n/2+ 3, forall A€ A,.

Proof. For any Tl € (OJl let ¢ = (0,%) € T"bQ\ 0, and for ¢ € R denote by
#'(o) the space H'(y_(a))NnH'(o)N H'(y+(a)). First we show

(3.34) W' e #'(g) fort<2s—n/2+1.
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By Theorem 2.7, u € #'(c) for t < 2s — n/2 + % Rauch’s lemma then
gives e H’(y_(a) Uy, (g)) for t <2s—(n+1)/2, and Lemma 2.5 implies
e B () for s <2s—(n+1)/2—a, {' =a forall a > 1. Applying
the linear propagation theorem, Theorem 2.6, we obtain R,Bu2 e #'(o) for
t<2s—n/2+ % . Another application of Rauch’s lemma and Lemma 2.5 (using
the fact that Rfu’ € H.UTV™* "+t (Q )) shows that (Rfu’)’ € #'(a) for
t<2s—n/2+ % . Now to prove (3.34) we write =0+ 21}Rﬂu2 + (Rﬁuz)2 ,
and note that by Lemma 3.28 it remains only to consider vRﬂuz. We have
ve HV N @)n#" (o) forall N and RBu’ € Hloc”l —e D )N (0)
for t < 25— n/2+ 1. Rauch’s lemma yields vRBW* € H'(y_(o) U y,(a)) for
t<2s—n/2+ %, and (the proof of) Lemma 2.5 gives 'uRﬂu2 € ﬁ'(a) for such
t . This establishes (3.34).

To finish, observe that (3.34) and Theorem 2.6 imply R[fu2 e #'(g) for

t<2s—-n/2+ % . The algebra lemmas give (Rﬂuz)2 € #'(o) for such t, and
a final application of Theorem 2.6 concludes the proof.
Remark 3.35. Suppose % € R"\0 lies outside a conic neighborhood of {u, , s, } .
If Theorems 2.6 and 2.7 are used fully (i.e., not just the parts concerned with
rays over hyperbolic points), then the argument used to prove (3.34) shows that
for ¢ = (t,y, 1) € T'bQ,\ 0, ut € H* " (g) for all ¢ < 1. It also
shows that if 1 = (z,{) € T*Q, \ 0 is such that 7{ = & or n{ = 0, then
= st—"ﬂ“(l) for all ¢ < % . Theorem 1.7 of [14] yields C™ regularity of
u® in certain regions (see Figure 2a), but that is not needed here.

We proceed to consider the term Rﬂ(vRﬁuz). In the above proof it was
shown that vR,Bu2 e #'(o) for t < 23—n/2+% . It is not hard to improve this to
t <2s5—n/2+1 by using, for example, the fact that av_, = a(t—|¢, r1|)fl &,n)
for a(t) € Cg°. Theorem 2.6 would then give RB(UR,BuZ) e #'(o) for t <

2s —nf2+2, which is still not quite enough. The problem is that the local
estimate Rpu’ € Hl D= =s+D%e Q) is too imprecise. To find the extra
regularity required, we shall extend certain pieces of R ﬂu2 across the boundary
as solutions of wave equations in free space.

Lemma 3.36. In the case of Theorem 1.9(a), R/)’(vRﬂuz) € H'(A) forall t <
25—n/2+ 3, forall A€A,.

Proof. For any 1 € 2’1 let 0 = (0,1) € T°hQ\ 0 and observe that it will
suffice to show

(3.37)  wRBu € H'(y_(0))nH’(0)nH'(y (o)) fort<2s—n/2+3,

for then Theorem 2.6 implies WF2 - lRﬂ(vRﬁu )Ny, (6) =2 forsuch ¢.

Let QT = (=T ,T)xR" and denote by CO (Q) the space of restrictions to
Q, of elements of Cg° (Q;). By finite propagation speed for mixed problems
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(e.g., [6, Theorem 8.5]) it is enough to prove (3.37) for vRﬂqSuz , for appropriate
choices of ¢(t,x,y) € C§°(QT). So we fix such a ¢. With u,, u, asin
Lemma 3.28, choose A,(7,7n), A,(t,n) € SO(R") with 4, = 1 on a small
conic neighborhood of #; and such that A,. = 0 outside a slightly larger cone
contained in {t° > ||*}. Writing A(D') = (D')+A (D) and ¢u’ = Adu’ +
(1- A)qSuZ, we note that by Remark 3.35 (1 — A)¢u € loc(QT) for all ¢ <
25— n/2+ 1. Hence RA(1 — A)pu’ € H. (Q,) for t < 25 —n/2 + 3, which
implies easily that vRS(1 —A)qSu2 satisfies (3.37). Thus it is enough to consider
vR/)’Agbu2 We concentrate now on URBA ¢u2 the other term being handled
similarly. In fact, we may replace A, by ¢A where ¢ € C (2;) and % = 1
on supp ¢. Letting ¢A ¢ = A , We proceed to find a good extension of RﬂA u’
across x =0.

The first step is to extend ffluz. Choose B(z,D') = b(z)E(D'), where
b e Cg"(ﬁT), E(r,n) S SO, and B = 0 outside a small conic neighbor-
hood of 4, contained in {12 > |r]|2}, such that B = | on esssupp/fl.
Now A~lu2 € H* ™~S™™(Q) for all « > 1. Fixing such an « close to 3,

2

we see that (1 — B)/;f1 = Hlffc “%°(Q), so it can be extended to an element

w, € Hlffc_” °(R""). Next go back to /Tl u”, extend it to an element (A~l uz)e €
H2A‘—n,—:+u(Rn+l) , and set ’U)2 — B(/Tl u2)e c H2S—(y,—5+n(Rn+I) . Then w =
w, + w, extends A | u’ and, after truncation in x < 0 if necessary, has com-
pact support. Note that if (7, n) € S° is such that cone supp 6 N cone suppg

=@, then §(Dyw € H" " (R"""). RBAu’ can now be written
(3.38) Epw — C((Epw)|,q)

where the first term is a solution on R”*' and the second remains to be ex-
tended.

We now show that vEpBw satisfies (3.37). Choose w(z) € CSO(R"“) such
that v = 1 on a large neighborhood # of 0, and choose y(t,7) € S° such
that y =1 on cone supp B and x =0 outside a slightly larger cone contained
in {12 > |11|2}. We claim

(3.39) (1 - x(D")WEBw € H="""*(#).

loc
To see this, write O(1 — y)wEfw = (1 — x)ypw + (1 — x)[O, w]ESw . The
first term is in Hlisc “%(R""!") and the second vanishes on #, so (3.39) fol-
lows from microlocal ellipticity, the fact that T, WFw C {(t.¢,n): (t.n) €
conesupp B or (t,n) = 0}, and our choice of y. (3.39) implies imme-
diately that v(1 — x)wEpw satisfies (3.37) if # is large enough, so it re-
mains to examine vyx(D')wEBw . Since wESw € H*W'(R"™') and OyEpw =

wBw + [0, wlEBw € H®.__(R™"), it follows that

comp

(3.40) (r.&,m (r— &, nlYWEBw € L*(R™").
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This permits us to use an argument similar to the proof of Lemma 3.28 on
vxwEBw . Consider first v ,xyEBw . As before, for any o(¢) € Cg° ,

n+l
).

(ﬁ):z=y(t—|§,n|)iz(t,é,n) forsome ye ¥, he H'(R

Let x, be the characteristic function of a small conic neighborhood of (1, w,),
and observe that it suffices to consider (x,(D)av,,)( x(D"YwEpBw) . Denoting by
6(u) the characteristic function of a small conic neighborhood of 7 (disjoint

from supp x ) contained in C,, and, using (3.40), we shall apply (2.8) to

O(u) ()" (g — &g . Mol (1 = )1y (B).
(=Bt =19 =K =& 1 = m])(B)'
On suppG we have |{ — | > C|B|, |upl 2 Clu|, and |u — py| 2 Clu| so

|}’(T0 - Iéo ’ "ol)l)f(/‘ - ﬂo)Xz(ﬂ)
(B2 =1y = IE =& = g))
Choosing the map T as in (3.31), we note that detdT > C > 0 since
Moy /1€y Myl > C > 0 and 5, — 1y, > 0 on supp F. Hence, as in the proof
of Lemma 3.28, we conclude that [ F*df < oo if & < 1. Thus v, xywEpw
satisfies (3.37). The remaining terms in vywEfw are either handled similarly
or satisfy (3.37) trivially, so it follows finally that vEfw satisfies (3.37).

To finish we must treat the second term in (3.38), C((Epw)|,,). With x
and y as before, it suffices by finite propagation speed to consider

(3.43) C((WEBw)|,q) = C((xWEBW)l,q) + C(((1 = XI)VEBW)|,q) -

Now (3.39) implies that the second term is in Hlffc"“”/ 2 on a large neighbor-

hood of 0in Q, so vC(((1-x)WwEpBw)|,,) satisfies (3.37). Since conesupp x(u)
C {1'2 > |n|2} , the first term in the sum can be extended to R"*' as a solution
simply by letting x take negative values in the integral formula (3.15). Call this
extension U . By classical hyperbolic theory, since OywEfw € HS(R"“) and
wEBw € H'(R™"), it follows that (XWEPwW)|,q € H*"'(bQ), and therefore
U e HX'(R™'). This together with OU = 0 implies OyU € HS __(R™"),

loc comp

and thus
(3.44) (T, & ) a— & )yl e L,

With (3.44) vyU can be shown to satisfy (3.37) by the argument used above
for vywEBw , so this completes the proof of Lemma 3.36.

(3.41) G(¢.B) =

(3.42) IGI<F=C

3.3. Proof of Theorem 1.9(b). Here w as in 1.4(b) is used to define the Cauchy
data in equation (1.2), so v, = ei"¢'”'fl(é,n), v, = e_"lé"”f;(—é, -1,
vy = el "”fl (=¢.n),and v, = P ‘"'fz(ﬁ ,—1) . The appropriate analogues
of Propositions 3.1 and 3.27 are obtained simply by replacing A; by A, in the
statements. The above arguments, with a few changes that we shall now point
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out, also yield these new propositions. In what follows, by “Lemma 3.5’ ,” for
example, we mean a close analogue of Lemma 3.5 in the context of Theorem
1.9(b), and similarly for (3.7"), Remark 3.26, etc.

The main difference is that where we had ellipsoids there are now hyper-
boloids instead. For example, in Lemma 3.5" let S = {{:|{|> M, |(-C|¢|| <
8|C|'/”} , where now we choose as a typical point to focus on, = 2(1 , @) —
(1,w,)=(1,1/v2,3/V2,0) € B*""~“. Instead of (3.6) we must estimate

(3.6") / Ble—1E=&y =gl + 1y o) f (€ —Eg o 1= 1g) Fy (= » — ) dEy .

The reader can easily verify that, corresponding to this choice of ¢, 3.7’ and
3.8’ should be

(3.7)
A= U (& np): 1. nl/V5+81E nl" + & =18 =& n—ngl = I&, . mgl}
le'|<d’
(3.8 B ={(&.1): (& ny) +1E . mlew,/ V3| < el m|'"y.

Note that 4 is a union of confocal half-hyperboloids with foci at 0, (¢, 7).
In the proof of Lemma 3.14", conesupp A(7, ) is concentrated near a point
ne C So again conesupph C {r > |I1| }, as required in formula (3.15).
In Remark 3.26" it should be noted that the ray on B“''"~“* and the ray on
BT (a)2 as before) which project to {tzi: t > 0} for a fixed u € C now
lie outside 7’ =&, nl . Again, the ray associated to the incoming-incoming

interaction (the one on B“' "~“?) is closer to 1° = |&, n*.

In the proof of Lemma 3.28", (3.30") should be
Cly(f =& =&, n=nl)7(zy + 1€y mol)Ix, (£ = ﬂ)xz(ﬁ)
(B)"*

where now x,, x, are supported near (1,w,), —(1,w,), respectively. Here
one changes variables using (7”)™', where T': (,,7,,) — (7, 7,) is the map

(3.30")

(3.31") T=1y+ 8.1, Ay =1—1,—|E=& . n—nyl.
after noting that
(3.32")
det(dT’) = —"~ "o ot > >0 on the support of (3.30').

I —&o.n—myl 1&g, 7

The arguments in the proof of Lemma 3.36 all go through with the obvious
small changes to give Lemma 3.36" . For example, P(to— 18y Mol) in (3.41) and
(3.42) should be replaced by 7(z, +|&,,7,l) in (3.41 ") and (3.42").

4. SELF-SPREADING AT THE BOUNDARY

In this section we prove Theorem 1.9(c). Here w as in (1.4)(c) is used
to define the Cauchy data in (1.2), so in the notation of the introduction,
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o= ), vy = e (=, — ), ="M g(=E ), vy, =
e ik ""g(é , —n). The first step in the analysis of R/)’v2 is to get an appro-
priate lower bound for b’v;l\v .2 On a subconic neighborhood of each point in
B®. As in the proof of Theorem 1.9(b), this involves estimating the volume of
a solid obtained by intersecting a family of confocal hyperboloids with a sub-
conic region as in (1.3)(c) (recall (3.7") and (3.8")). In the present case this is
slightly more difficult because, for example when n = 2, each hyperbola in the
family has an asymptote that is either parallel or nearly parallel to the axis of
the subconic region (see Figure 3a), and this makes it easier for the hyperbolas
to miss the region. But the main new difficulty arises in the analysis of the re-
mainder R [I(u2 - vz) . Changes of variables such as those used in the two cases
of crossing ((3.31) and (3.31")) cannot be used to estimate antipodal products,
because |det dT_ll turns out to blow up. This problem is dealt with in the
proofs of Lemmas 4.21 and 4.38.

4.1. The singularities of Rﬂv2 .

v

Proposition 4.1. Fix ¢ > 0 arbitrarily small. Then if p in (1.3) is taken close
enough to 1, RBv* ¢ H*""*"*(2) forall A EA,.

The proposition will follow easily once we show
C(EPY,10)lpq) = CUEBY, V) pa)

has singularities as above on A;. We shall fix 7 = (v2/3,v1/3,0) € E‘ ; and

find such singularities on y_(0, ). The argument is the same for other u € E’ 3+

B® is the plane t=¢,s0 { = (vV2/3,V2/3,V1/3,0)€ B® and 7l =T.

If H({) is the characteristic function of a small conic neighborhood of ¢, then
—_— -

since fv,, v, is rapidly decreasing outside B® [2, Corollary 1.6], the proof

of Lemma 3.3 shows that WF[C((EBv,,v,,)l,q) — C(Ul,x)1N 7, (0, 7) = O,

where U = (H(C)/(r2 - &, n|2 )m So we proceed to study U/|;Q.

Forany w € "', p > 1, and a > 0, we will denote by G,(w,a) the
subconic set

(4.2) (€ m: & m) = 1€ njo] < alZ,n]"*}.
Lemma 4.3. There exist constants &, N such that on S = {{:|{| > N

1C =TI < elEP7} we have Bugv,5(¢) > C(g)~ TP,
Proof. Choose an o < 1 as in (4.2). It suffices to prove the estimate for

Les ={C1E.n - V2B VB0 1l < ele ™, |t = V23|, 1l| <
el&. n*?, |€,n > N}. (Note that 2—p < 1/p.) We must estimate

(4.4) / Blr—1E =& n—ngl +1E, D &(E — &y 11— 1) &(~Ey » — o) dEydny.
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So fix { =(1,&,5) €S, choose & and C such that E(a) > C for || <4,
and define

“5) A= U (& m T =1E =&l = . o}

le'|<d
a union of confocal half-hyperboloids with foci at 0, (£,7). Noting that
G,(—@, ) contains {(&,n): Nyl < C}1&)"”, & < —C,} for some C,, C,
and letting /,, denote the interval [(—M — DI, n|”, — M|E,n|P]1 for some
large M to be chosen, we define

(4.6) B={(&. 1) Ingl < CI&,1""" & € I,

For fixed M and N sufficiently large, and ¢ sufficiently small (¢, N asin the

definition of S’ ), the next lemma shows

47)  vol(ANB)>C(E., )" ""?" fora C independent of { € S’

The proof can be completed using (4.7) as follows. First we note that for

(So-My) € B and (&, n) as above, (§—¢,,n—1,) € G/)(Eo, 1). To see this, set
=(¢.,n), Ey= (&, n,) and write

(4.8)
E-E, N‘ E,~-E E l ‘ (&;)‘
- — (-
[E — Ey| Ot IE Ej |E- |E ~ E | | |Eq
=I1+I1+1IL.

Now IIl < o|¢,, noll/”_l , and since |&—&;,n—n,l ~ |, nyl, I and I are each
< CIE,nl/IE, |- Since €, 7] < C(I&,, m,l/M)"”, the assertion follows if M
is large enough. So using (1.3)(c) and (4.7) we get for { € S’,
Bo v, g, dny

atVar 2 anB (& — éO - no)s+n/2+0(p-—l)<éo ) nO)S+"/2+0(P—1)

(c n)fl— 1+0(p—1)
(f ) n)(25+n+0(p—l))p

(4.9)
>C

from which the lemma follows.

Lemma 4.10. With A and B as in (4.7), vol(ANB) > C(&,n)" 90~V for
a C independent of { € S’ .

Proof . For convenience we suppose that C; =1 in (4.6). We shall first consider
the case n = 2 and then explain the changes needed when n > 2.

n=2.Toeach { €S’ |¢'| <&, one can associate a half-hyperbola with foci
at 0, (£,n) asin (4.5). The starting point of the proof is the observation that
since { € B® , each such hyperbola has one asymptote parallel or nearly parallel
to @ = (1,0) (Figure 3a). Let the positive x-axis be as drawn in Figure 3a. If
r denotes distance from this axis, then the hyperbola associated to 7+¢ ,&, 7
consists of points satisfying x? /a2 —r? /b2 =1, where 2a = 7+ ¢ and, with
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2c=|E,n|, b= V¢? — a* . Referring to Figure 3a and using the definition of
S’, we obtain that |tan¢ — \/gl < ¢l&,n|'"” and that tan¢' = b/a satisfies

|b/a — \/; | < ¢g|&, nll_p . Hence the nearly horizontal asymptote has slope m
satisfying |m| < g,|¢,n|'"?, with ¢, independent of { € S', |¢'| < J. As S’
shrinks, &, can be taken smaller.

Next set D = AN{(&,.n,): ¢, € I,,}. We will show D C B by considering
asymptotes first. Let ¢ (¢) = —(M + )|, n|”, t €[0,1]. Referring to Figure
3b we see that
(4.11)

u:(M-Ft)l/plf””' While’U""lU:g:thlé,nll—/’ I:(M+t)|€»’7|p+§:|

n

n O A°
/
/
/ (&,n) —_ asymptote
‘C.¢' : &
——— b — == -
‘v r ¢ (g,n)/2
/ v
\ 7% 7&, T (0 VA Y >E,
t(x) / o n°=|50| o)
X
/
'
/
X !
7
/
(a) (b)
FIGURE 3

Thus each asymptote stays in B over I, . If |, 7| is large, the same is true
for the corresponding hyperbola, hence D C B. So to complete the proof it
will suffice to show vol D > C(&, 7)'*?”~Y | For this we need:

Let T be a small conic neighborhood of {. To each (7,&,7) €
I' associate a hyperbola as above and let r(x) be as in Figure
3a. Denote by Ar(x) the magnitude of the change in r(x) as
7 increases to 7+0 . Then: (a) There exist constants C, , C, ,
K such that for x > |£,7|/2 > K we have C,dx/a < Ar(x) <
C,0x/a , where a = t/2. Moreover, the same C, and C,
work for all { € I" with |€,#5| > 2K . (b) The same is true if
is replaced by |&,5|° , where e < 1.

(4.12)

Assuming this for a moment we have, for some M,, M,,
(4.13)

M>|E nl”
volD > / Clé_xdx = ga,g ) ,,|2P > C({,n)z"_' = C(¢, n>l+0(p—l)
M,|E ) a a
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since a ~ |£,n|.

To prove (4.12) we note that as a increases to @ = a+J/2, b decreases to
b satisfying A+ =a’+b? (= c?, where 2¢ = |, n|). Thus there exist K,
K, > 0 independent of { as in (4.12)(a) such that b — K, J < b<b- K,o.
Since Ar(x) = (bx/a)V'1 - az/x2 - (bx/a)V1 - a’/x*, one can replace b by
b — K,6 to get the lower bound and by b — K6 to get the upper bound.
a = V2/3¢,n|/2 £ ¢|¢,n|, so there is no problem with the square root. The
same argument gives (4.12)(b), which will be needed later. This completes the
proof of Lemma 4.10 when n = 2.

n>2. Toeach { € §', |¢'| < & we now associate a half-hyperboloid
as in (4.5). Let the x-axis be as shown in Figure 3a, and in the (n — 1)-
dimensional space orthogonal to it, introduce spherical coordinates (r,6),
where 6 = (0,,...,0,_,). With a, b as before, the hyperboloid satis-
fies xz/a2 - r2/b2 = 1. Letting P(¢,7n) denote the plane determined by
the ¢, -axis and (¢, 7), we note that the intersection of P(£,n) with the
asymptote r = bx/a, x > 0 (a cone) consists of two rays, one of which,
by a previous argument, is parallel or nearly parallel to the & -axis. Choose
J,, CC I,, of length &/&,n|”, also centered at (—M — })|&,n|”, and set
D =An{(,.n):& € Jy,yNP(&,n). Then D C B by an argument in
the case n = 2, and all points in D have the same 6-coordinate 6. Next
set S_={0:10,~8, < ¢&,x' "} and for each (£.%) € D define EZ,7) =
{&o.mp): 1y mo) = r(&. 1), x(&y.mp) = x(E.7), 0(&,. 1) €S,z 5} Finally
let F = U(E TeD E(&.7). Clearly F C 4, and since D C B it follows easily

that if ¢, and ¢, are small enough, F C B. Letting S; be the subset of S"*
corresponding to S and using (4.12)(a), we have for some M, M,,

MaE P r(x) s
(4.14) vol(AN B) > Vol F > / / r-"dSdrdx.
M nlp Jr(x)=Ciox/a J S}

Since [;, dS = x°”"" and a~ |¢, 7], integration gives

Vol F > C(&, p)"~'How 1.
By the argument of Lemma 3.10, Lemma 4.3 implies

Lemma 4.15. There exist constants €, M such that for u satisfying |u| > M,

— 2— T —(25s+24+0(p—1
| = Blul| < elul™" we have Ulyg < —C )~ > 720700,

The minus sign is there because T &, r)|2 < 0 on supp H. By the proof
of Lemma 3.14, Lemma 4.15 implies

Lemma 4.16. Fix ¢ > 0. If p is chosen close enough to 1, then for all 1 €
y+(0'ﬁ)' C((Eﬂvalvaz)lbﬂ) ¢ st_n/2+2+€(l).

Next consider C((EBv, v,,)|,q) - We know that m fails to be rapidly
decreasing on the wedge determined by (1,1,0) and (—1,1,0), and so in
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particular on a subconic neighborhood Q of (0,1,0). Since nQ is all of
(t,n)-space, there is a possibility of complete cancellation of singularities in

C((EBv, v ,)lpq) — C((EBv, v,,)],0) Which must be ruled out to prove Propo-
sition 4.1,

Lemma 4.17. Let H({) be the characteristic function o[mall conic neigh-
borhood of (0,1,0) and set V = (H({)/(r2 — &, n|2))ﬂvalvb2. Then for any
uEe {12 > Ir]lz} such that u # £t(1,0), t >0 we have

WF[C((EBv, vy))lpq) = C(Vyg)IN 7, (0, 1) = 2.
Proof. The proof is essentially the same as that of Lemma 3.3.

Lemma 4.18. Fix ¢ > 0. If p is chosen close enough to 1, then for all A € A,
25—n/2+2

CUEBV, 0,9)lp0) — CUEBU, v, lp0) & HE 224 (2).

Proof. Restricting attention to 4 € y,(0, %) again, we note that in view of

Lemma 4.17 and the proof of Lemma 4.16, it suffices to show that there exist

constants ¢, M such that for |u| > M, |u— ulu|| < £|/4|2_” we have

(4.19) (ﬂ;Q B I//l;Q < _C<’u>—(2s+2+0(p—l)).
Using Lemma 4.15 and the fact that m is rapidly decreasing outside B?,
one obtains this estimate by arguing just as in the proof of Lemma 3.18. The
key point (see Remark 3.26) is that supp H lies closer to = |é,n|2 than
suppﬁ does.

The comments in the paragraph following Remark 3.26 apply here also, so
this concludes the proof of Proposition 4.1.

4.2. The remainder Rﬁ(u2 - vz). Theorem 1.9(c) follows immediately from
Proposition 4.1 and the following proposition. Here we set 1 = n(l,®) =
(1,0).

Proposition 4.20. In the case of Theorem 1.9(c),
Rﬁ(uz . ’U2) c H2:—n/2+2+e(/1)

Jorall e <} — &(n/(n+13)), forall 2€ A;\{y,(0,m)Uy, (0, —f)}.

Recall that we must consider Rﬁ(Rﬂuz)2 and R,B(vRﬂu ). The results of

§2 and the following lemma will allow us to handle the first term.

Lemma 4.21. If 1 € R"\ 0 lies outside a conic neighborhood of {i, —u}, then
for a=(t,y, ,u) eT*HQ\0, vie H* "*(g) forall ¢ < $—n/4n+2). If
A=(z,0)eT" Q\O is such that n{ = or nl =0, then v’ € H* "**¢(3)
for such ¢.

Proof. It will suffice to consider v, V,, and v v, , since the remaining terms
either can be treated similarly or satisfy the conditions of the lemma trivially.
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V5V, - Since m 1s rapidly decreasing outside the wedge determined
by (1,-1,0) and (-1, —1,0), it is tempting to conclude that v,,v,, satisfies
the above conditions trivially. However, since rapid decrease fails on a subconic
neighborhood Q of (0,—1,0) and 7Q isall of (7, n)-space, there is something
to prove. ) X

For any a(t) € C5°, av,, = y(t = €, n))h,({) and av,, = F(t + ¢, n)h,({)
for some y, 7 €. and h, h, € H*(R™"). Let X,> X, be characteristic
functions of small conic neighborhoods of (1, —-1,0), —(1,1,0), respectively,
and let y(u) be the characteristic function of a small conic neighborhood of
1. It is clearly enough to examine (x,(D)av,,)(x,(D)av,,), and for this we
apply (2.8) to
X))y (1 — 19 — [E = &o . 1 = o) P (T0 + 160, o)1 (€ = B)x2(B)

(C—= B (B) '
The required estimates can be shown to hold for all ¢ < % by an argument
almost identical to the proof of Lemma 3.28. The only difference is that here
one changes variables using the map T~ ', where T': (15,&,) — (7,&) is given
by

4.22) G .p)=

(4.23) T=10+ .Ml  S=t—1,—I¢~& . n—1nl,
after noting that

— :—éo + éo
I§=& . m—mngl 1, 1l

To prove the assertion of the lemma for 1 = (z, ) with 7l = 0 simply replace
x(u) by the characteristic function of a small conic neighborhood of .

v, V,, - With x, asabove but now taking x, to be the characteristic function
of a small conic neighborhood of (1,1,0), we need to consider

(Xl (D)aUal )(XQ(D)avaz)-

The corresponding function G({, ) to which we shall apply (2.8) then has the
same appearance as (4.22). It will be convenient to suppose that x, has been
multiplied by the characteristic function x;(éo ,1,) of a small conic neighbor-
hood of —@. Also we take y(u) to be the characteristic function of a small
conic neighborhood of & = (v/2/3,V1/3,0), the argument being the same for
other choices of &. Note that we cannot use a change of variables such as (4.23)
in this case, since |det dT—l| blows up on suppG.

Now 7 = nl where ¢ = (v2/3,v2/3,V1/3,0) € B®. Let 4 be a small
conic neighborhood of ¢, B = A°, and g 4> Xp the corresponding char-
2£tc1’i\stic functions. x,({)G satisfies the required estimates for any & since
Bv,,v,, is rapidly decreasing away from B® , S0 it remains to consider x ,G.
For (,¢,n) € A and any small &' > 0 define
(4.25)

S={(Tor§0v”0): IT_To_lé_CO'”_'lo” < Ié'nlel’lro+,éo»”oll SICUIEI}-

<C<0 onsuppG.

(4.24) det(dT)



316 MARK WILLIAMS

Since the required estimates obviously hold if either inequality in (4.25) is
reversed, we can reduce to considering

| ix.Gras
SNsupp 12
<€ n)Zs—n/2+e

< Cx
4 SNsupp x2 ( (fo ) 710)25
where we have used |{ — B| > C|B| > C|¢,,n,| on suppG. Let

S ={(& ) T —1E =& n—ngl+ & moll < 20E,m° }.

Setting T = 7, + |, , 7,/ and integrating in T, we obtain that the right side of
(4.26) is <

(4.26) 2
) 52 (g + &y, M) dz dEy dny

2s—n/2+e 2
x4C (—@"’) - ) dé, dn,
(4.27) s'0supp x5 mo) \ (o » Mg)

2 2
= [ \FPdgydn+x, [ \FPdgydny,
D, Dy
where
M
D, = S' nsupp x5(&, 1) N{IE, 1ol = 1. ™},
M
D, = S nsupp x5(&, . 1) N{IE, . 1ol < 1€ 1I™ 3,

for some M > 1 to be chosen. For F restricted to D, we have

(4.28)

Ci, ”>25—n/2+£ . Cle, qy2sriree
&, ”O>n/2+6(§0 , ”O)ZS—n/z-a N no)n/2+5<é ) nE=6M
for any small 6> 0. Thus F|, satisfies the conditions of (2.8) provided
(4.30) 2s—n/2+€e<(25s—n/2—-0)M , thatis, e < -6+ (25s—n/2-6)(M —1).

(429) F =

Next we consider the integral on D, . Note first that S’ = U <2{(So - mp): T+

alé, nle/ =|E—&,. n—1nyl— &, . 1!} » a union of confocal half-hyperboloids with
foci at 0, (£,7). Since (1,£,7n) € A, a small conic neighborhood of { € B,
all points in S’ Nsupp x;(éo ,N,) must satisfy |§;, 7, > N|&,n| foran N that
can be taken larger as A shrinks. (By an argument in the proof of Lemma
4.10 we know, for example when n = 2, that each hyperbola has one nearly
horizontal asymptote.) This implies

(4.31) (a) x, [y, |FI” d&ydny < Cvol(D,)/(¢,n)"~* and

(b) vol(D,) < vol(S' N {(&y.1g): NIE.nl < 1&. ol < 1.0, & < 0}).
With 2a = 7 and b = Vc? —a®, where 2c = |&, 7|, the half-hyperboloid
T=|¢—& . n—nyl—1& n,l satisfies x*/a* = r*/b* = 1 in the coordinates
introduced in the proof of Lemma 4.10 (see Figure 3a). Thus, using (4.31)(b)
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and (4.12)(b) (which applies equally well to hyperboloids), we have for some
C,, N,, N,, C independent of (7,¢,7n) € A4 and with Ar(x) = C|¢, n° x/a:

Na|& M X)+Ar(x) n—2
(4.32) vol(D,) < C, / drdx,
N | (x)— Ar(X)
where r(x) = (bx/a)V'1 — az/x2 < C'x fora C' independent of (7,&,n) € 4.
Since a ~ |, n| the right side of (4.32) is
AR

(4.33) <cC, el x < C;lé,mm_m'.
Ni¢ ] a

With (4.31) this gives

(434)  z, / PPy dny < T e im0,
. N

So to apply (2.8) we need
(4.35) e<(n+1—-nM—-¢)/2.

To get the largest ¢ satisfying both (4.30) and (4.35) for all s > (n+2)/2, one
should take M = (n+ 3)/(n+2). Then any fixed ¢ < § — n/4(n+2) satisfies
both (4.30) and (4.35) provided J and &' are taken small enough, as we are
free to do.

Lemma 4.36. v can be replaced by u’ in the statement of Lemma 4.21.

Proof. This follows from an argument almost exactly like that used to establish
(3.34) in the proof of Lemma 3.33. The only difference is that here one must
make full use of Theorems 2.6 and 2.7, instead of using just the results on
propagation near hyperbolic points.

Lemma 4.37. In the case of Theorem 1.9(c), RB(RBu*)* € H*""**2* () for
all € <3 —n/4n+2), forall A€ A\ {y,(0,4)Uy, (0, — i)}, where Ji =
n(l,w)=(1,0).

Proof. This follows from the proof of Lemma 3.33, with (3.34) replaced by (a
special case of) Lemma 4.36.

Lemma 4.38. In the case of Theorem 1.9(c), RB(WRBU>) € H* "*2*¢(2) for
all e < 5 —&n/(n+28)), forall 2 € A;\{y,(0,H) Uy, (0, — LK)}, where
i=(1,0).
Proof. With ¢ = (0,%), where 7 =nl, { =(v2/3,v2/3,V1/3,0) € B®, it
suffices in view of Theorem 2.6 to show
(4.39)

vRBu' € H* "%y _(a)uy (a)) nH P 7"** () for ¢ as above,

the proof being the same for other ¢ . The preliminary reductions and extension
argument are almost identical to those in the proof of Lemma 3.36. Now, of
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course, A,(u), A,(u) € S° are chosen = 1 and with conic support near i,
—1i , respectively. Again we reduce to considering vR ﬁff | u’ , where A = $A1¢
for appropriate ¢, 5 € C§° (). Note that Lemma 4.36 now plays the role of
Remark 3.35 in that reduction argument. Again Rﬂ/iv . u’ can be written

(4.40) Epw — C((Epw)|,q) »

where w is an extension of A~1 u” defined as before. With x(u) € S% chosen
as in the proof of Lemma 3.36 (= 1 and with conic support near ux) and
w(z) e C;"(R"“) such that w = 1 on a large neighborhood # 3 0, we reduce
as before to considering vy(D')wEBw and vC((xwEpw)]| »a) » Where

(4.41) (t,&, " (e - |E, n))WEBw € L*R™).

First we examine vazx(D')y/Eﬂw. Choose x,(¢) € s°, i =1,2,3, such
that ) x, = x(u), with x,, x, =1 and having conic support near (1,1,0),
(I, —1,0) respectively. Let x,,({) be the characteristic function of a small
conic neighborhood of —(1,1,0) and 6(u) the characteristic function
of a small conic neighborhood of 7. We proceed to consider the terms
VX, (D)yEBw in turn.

v, X, WEBw can be handled much as v, v, , was in the proof of Lemma
4.21. It is enough to estimate (x,,(D)a(t)v,,)(x,(D)yEBw) for a € C°, and
this leads us, using (4.41), to apply (2.8) to

()0 T"  (rg + 1€ o)X, (C = B)xgn(B)
(€= BY T —1y—1E =& n—nol)(B)

where y €.7#. Let A be a small conic neighborhood of {, B = A, and R
Xp the corresponding characteristic functions. Observe that if |t — 7, —[§ —
Eo o —Myll > l.*.f,n[6 for some ¢ > 0, then since £ - Bl >C|B| > C'|C| and
(€) ~ (&, m on suppx,(0)G,

C|Y(To + |éo ) '70|)|

(éo ) no)n/2—6+e’

This allows us to treat x,G by showing

(4.42) G(¢.B) =

(4.43) lx,Gl < € LZ(R"H) aslongase<e .

(4.44) sup/ |)(AG|2 dp < oo,
¢ JSNsupp x>

where S is defined as in (4.25). Arguing exactly as in the proof of Lemma 4.21,
we find that ¢ must satisfy the following conditions in order for (4.44) to hold:

(4.45) (a) e< -0+ (2s+1-n/2—-6)(M — 1) (corresponding to 4.30),

(b) e<(n+1—nM—¢)/2 (asin 4.35),

(c) e<é& (from 4.43).
Here & can be as small as desired and M > 1 remains to be chosen. To
get the largest & satisfying (4.45) for all s > (n + 2)/2, one should take
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M = (3n+1)/(3n+3). Then for any & < § — &(n/(n+ 12)) there exist
¢’ > & such that (4.45) holds, provided J is taken small enough.

Next consider x,G, which has {-support away from B” if conesupp 6(u)
is small enough, as we are free to arrange. The following result of M. Beals [2,
Lemma 1.5(iii)] is useful here. (It is, we should note, the key estimate in the
proof of the 3s-theorem.)

Let K, be small conic neighborhoods of +(1,w), respec-
tively. Suppose n/2 <s, <s,, r,>s, + % and that u, have
the properties T,WFu, C K, , ()" (t— &, n)" "'a, e L*,
(4.46) O™ + €. ) e L*. Then if E is a small conic
neighborhood of a point 4 ¢ B and X the characteristic
function of E , we have (C)’)(E(C)u:ﬁ_ e L? for all ¢ <
min(s, +r,—n/2,s,+r, —n/2), provided K, are sufficiently
small.
We now apply (4.46) with u, = x,(D)yEBw, u_ = x,(D)a(t)v,,. Note
that we can take s, = s, r, arbitrarily large, and by (4.41), s, =s+1, r =
s+2. It follows that ({)*™"/**'**0(u)x,(O)u u_€ L* forall ¢ < 1 provided

+
cone supp x, , conesupp x,,, are sufficiently small. (Alternatively, one can apply

the proof of 4.46 to show that x,G satisfies the conditions of (2.8).)

We turn now to v_,x,(D)wEpw . The corresponding G({, ) looks just like
(4.42) with y, in place of x,. With (t — 1, —|¢ —&,,n—ny|)”" playing the
role of y(t—1,—1&~¢,,n—n,l) (asin (4.22)), the argument used for v,,v,,
in the proof of Lemma 4.21 shows that G satisfies the conditions of (2.8) for
any e< 1.

It remains to consider v,,x,(D)wEBw . Recall that yEBw € H' (R
and that OyEpw € H’(R""). Since n,WF(Epw)n charO is concentrated
near {(1,1,0),(1, —1,0)}, it follows from microlocal ellipticity and the fact
that y, =0 near these points that y,wEBw € H'"*(R""). Thus we can take

() ()™ " (g + 1€ oD X (= B)xn(B)
(- By (B

Since |{ — B| > C|¢| and |u,| > C|u| on suppG (|B| > C|{| does not hold
here),

n+l)

(4.47) G(¢.B) =

7(zo + 180 oDl - 17(To + 1o 1))l
(ﬂ>n/2+l—e - <6O , r’o)n/2+l—6

This finishes the proof that v , x(DYwEBw satisfies (4.39). Since the other
terms in vywEpBw are either similar or satisfy (4.39) trivially, it remains only to
examine vC((xwEpw)|,q) - Just as in the proof of Lemma 3.36, after extending
C((xwEBw)|,,) across x =0 as a solution, the product with v can be shown
to satisfy (4.39) by the argument used for vywEfw .

(4.48) |G| <C e L*(R"™") fore< 1.
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Lemmas 4.37 and 4.38 together imply Proposition 4.20, so the proof of The-
orem 1.9(c) is complete.

5. OPEN PROBLEMS

5.1. Self-spreading of a gliding ray. It is interesting to consider what happens
when the transversality hypothesis is removed in Problem A and Problem B.
Let = (¢,7) =(0,1,0) and suppose u € HISOC(QT) satisfies

Ou=Bf(u), ulyg, € c”,

5.2
(5-2) WFu|, _s;={(, —tw,r,ro):t<-o6,r eR\0},

where now {(¢, — @)} C {x = 0}. Note that B” , the tangent plane to char(]
at +(1,®), is {tr = n,} and hence nB” C {rz < |n|2}, a set disjoint from
the hyperbolic region. (When n =2, 7B C {t2 = |n2|} .) In view of the role
played by B® in 84, this suggests that anomalous singularities due to the self-
spreading of a gliding ray may be significantly weaker than in the transversal
case, perhaps only of strength ~ 3s — n. (This observation is due to M. Reed.)

5.2. Crossing of two gliding rays. Let w, =(0,1,0), w, =(0, —1,0) and in
(5.2) replace the hypothesis on WF,u by
(5.3) WFul,._s= |J{t, —tw,,r ro):t<-6,r>0}.

t<—86
=12

Now 7B“ " is a (2-dimensional) subset of {t> > |5|*}, so considering the
arguments of §3, one might expect anomalous singularities of strength ~ 2s —
n/2 to appear in x > 0. However, Remark 3.36 and the proof of Lemma
3.18 suggest, if gliding rays are thought of as limits of transversal rays, that
cancellations could render these singularities significantly weaker.

Note added in proof. The author has recently shown that in both of problems
5.1 and 5.2, anomalous singularities of strength 2s — n/2 + 2 + ¢ appear in
x>0.
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